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PREFACE. 

THE recent changes in the methods of teaching Elemen- 
tary Mathematics (so largely due to the genius of 
Prof. Perry) have considerably affected Plane Trigonometry. 
Students are expected to have a good practical knowledge 
of the subject, while great skill in the solution of artificial 
problems and identities has ceased to be regarded as the 
aim and object of the subject. 

This book has been written with a view to these changes 
and to supply the need felt for a School Trigonometry 
based on the use of Four Figure Logariihms, in which 
Logarithms, the Solution of Triangles and the more practical 
parts of the subject are introduced as early as possible. For 
this reason the expansions of sin (A + B), etc. and harder 
identities are deferred until after the Solution of Triangles, 
Heights and Distances, etc. 

Seeing that incommensurable quantities are now omitted 
in Elementary Geometry and consequently no difficulty is 
found with the various theorems relating to arcs and sectors 
of circles, it has been thought advisable to place the Circular 
Measurement of Angles immediately after the measurement 
in degrees, etc. 

Oraphical Methods and Squared Paper are largely em- 
ployed in the approximation to trigonometrical ratios of 
a given angle, in finding angles from given ratios, in the 
variations of trigonometrical expressions and logarithms. 

Students are advised always to check their results in 
the Solution of Triangles, Heights and Distances, etc., by 
drawing figures to scale. 

The more theoretical parts are treated with fulness for 
the benefit of those intending to proceed to higher branches 
of mathematics. 



VI PREFACE 

Part I includes Solution of Triangles, Heights and 
Distances, and Functions of Compound Angles, and is 
sufficient for the Oxford and Cambridge Junior Local, 
Mathematics I of the Woolwich and Sandhurst Exami- 
nation, eta It contains over 1200 examples 

Part II contains chapters on De Moivre's Theorem, the 
Exponential Theorem and the expansion of sin and cos 
in terms of 0^ etc. 

Considerable care has been given to the selection of 
examples, many of which are taken fix>m recent Army and 
Navy Entrance and the various Cambridge Examinationa 

An appendix on the Slide Rvle will be found useful 
for students preparing for the Entrance Examinations to 
Woolwich and Sandhurst. 

It is hoped that the sets of Test Papers, which have 
been very carefully graduated to fit in with the sequence 
of chapters in the book, will prove useful for purposes of 
revision. Harder questions will be found in the Miscel- 
laneous Examples. 

The examples have all been verified from the proof 
sheets and it is hoped that very few errors remain ; in the 
use of four figure tables, answers vary slightly according to 
the precise method of working ; e,g, log 4 is not exactly the 
same as 2 log 2 ; such variations occur chiefly in solving 
triangles when there are several formulae applicable; the 
authors have in many cases indicated which formulae should 
be used to obtain the answers in the book. 

The authors wish to express their gratitude for many 
suggestions received irom Mr T. Hyett of Cheltenham 
College. 



Cheltenham College, 
September 1904. 
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CHAPTER XIV. 

PROPERTIES OF TRIANGLES {eoniinued). 

The principal formulae in this chapter are the following : 

p^ a ^ 6 ^ c_ 

2sinA 2sinB 2sinC 
__abc 

A 
r = - 

8 

= (s — a) tan ^ = (« — 6) tan^ = (* — c) tan ^ 

, B. C,.C.A .A.B 

a sin zz sin -^ b sin -^ sin -zz c sm -^ sm :;r 
22 2 2 22 

A "" B " C 

COB ^ COS -^ cos -^ 

«4Rsin2Sin2sm^, 
A 



B— a 

= 8 tan o" ~ (* " ^) ^^* "9 ~ (* " ^) ^^* o 

B C , . A C .A B 
a COB ^ cos ^ sm ^ cos -^ c sm -^ cos -^ 

" A ^ . B- " ~C 

coB-^- Sin 2" Bin^ 

AD . A B C 
= 4R sin -^ cos ^ cos ^ . 

Similar expressions may be found for r^ and r^. 

B. 16 
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142. To find the radius of the circumcircle of a 
triangle. 

We have already proved in 
Art 73, 



that 



R = 



a 



a 



Now 7i— .-— r = 



2 sin A* 
abc 



2 sin A ^ 4x^&osinA 
ahc 



.-. R = 



4A' 

abc 
4A • 




1 43. To find the radius of the in-drcle of a triangle. 

The in-centre I being found by bisecting two angles 
of the triangle by the lines Bl, CI, a perpendicular ID is 
drawn to the side BC. 

We have already proved in Arta 79 and 80 that 



A • A 

r = — ==(« — a) tan -p: . 
s .2 



Also 



r r IB . B 2 

^ , — - air) M^K^MK-^ 

a IB* a 2 sinBIC 

. B . C 

suig sing 

B + C 






. B . C 

sm^smg 
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/. r= 



asinlsin^ 2R sin A sin | sin § 



A 

COB^ 



A 
cos^ 



._ , A , B . C 
= 4R sin ^ sin TT sin ^ . 



Note that 



IB 
a 



. C 
A' 

008^ 



/. IB = 4R8m-^Bm^, etc. 

144. To find the radius of an escribed circle of a 
triangU. 

The e-centre opposite the angle A ia found by bisecting 
the exterior angles CBF, BCE by 
the lines Bli and Clj. Perpen- 
diculars liD, liE, liF are then 
drawn to the sides of the triangle. 

A = ABIiC-area of BI^C 

= ABIi + ACIi-BliC 

= icri + \hri - Jari 
/6 + c — a\ 



-< 



2 

6 + c + a 



-«) 



=:ri(«-a); 




.-. r, ?= 



s — a 



Similarly if r^ and r, are the radii of the c-circles opposite 
the angles B and C respectively 



r- = 



8 



^ 



r8 = 



tf-C 



16—2 
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146. Let BD(=BF) = ii;; CD(=CE) = a-a?. 
.*. AF = c + a? and AE = & + a — a?, 



.-. AF(= AE) = c + ^ = 5, 
CD(=CE) = a-a? = «-6. 

Since the angles BFIi and BDIi 
are right angles, it follows that 
the points IjFBD are concyclia 

.-. ABC(=B)=Fi;D 

A B 

.'. FliB = -2. 




Similarly 



ECc = f. 



If I is the in-centre, then Alli is a straight line. 

A 
ri = AFtan^ 



= 8 tan ^ . 



B 



Also r^ = BF cot FIjB = (s — c) cot ^ 



Similarly 



= EC cot EliC = (s - b) cot ^ . 

r2 = «tan-^ = (s — a)cot-^= (« — c)cot ^ 



r, = 5tan"^ = (« — a)cot-^ =(« — 6)cot ^ . 
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1AA ^1 ^1 'iB . sinBCIi 

146. - = 7-5 . — = sm FBIi . -^-^T~ 

a Ifi a smBliC 

C 

B ^^^2 



2 . B + C* 

sm — - — 



B C 

a cos ^ cos -^ 

^1 = A — 

COSg 



B C B C 

?.o;«A ^^O^^O • A COS-:rCOS^ 

PsinA 2 2 csinA 2 2 

sin B * A sinC ' A 

cos 2 cos 2 

, . A C .A B 

sm -^ cos -^ c sm ^ cos ^ 

— -r- ""' — c— 

sin ^ sin J 



B C 

a cos -^ cos "s" 

Also Ti = J 

C0S2 



2R sin A cos ^ cos -^ 

A 

cos^ 

AD • A B C 
= 4R sm 5- COB s- COB ^ 

with corresponding expressions for r2 and rj. 

C 

IB *^2 
Note that !ir = f. 

a A 

C08^ 

A C 
/. liB = 4R sin ^ cos -^ , etc. 
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147. Ex. 1. Prove that - + - + —=-• 

^1 ^a ^8 ^ 

111 8 — a 8 — h 8 — c 

rj ra rj A A A 

3g - (g + 6 + c) 
= A 

_ 8 

""A 



6* — c^ sin B sin C . 
Ex.2. Showthat-2-.jj^^^^3^j = A, 

^ . 4r2 (sin^ B - sin^ C) sin B sin C 
Expression = ^ ^ ' sin (B :ic") 

4R'sin(B + C) . „ . ^ 
= jj ^ . sin B sin C 

_ 4R^ sin A sin B sin C 
2 

= 1 6c sin C 

= A. 



EXAMPLES XXXV. 
Prove that 

1. dk= slrr^r^n. 2: A = - — ~. 
r + ri ^a + ^8 

A A 

7. A = rar8tan^. 8. A = rriCot2. 
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9. A = r^r^rJ^riT^ + r^r^ + r^Vi. 

10. A = r Vr^ra + r^r^ + r^r^, 

11. A = ^>/(ri + ra)(raH^r8)(r3 + ri). 

12. r«^ = rirar8. 

13. nr^rs = r» cot« ^ cot»^ oot«^ . 

^ ^ iS 

14. 4cRr8 = ahc, 

15. 4R = ^1 + ra + ^8 — r. 

16. r8 = rcot-5 cot^r. 

17. rrj = r^r^ tan* ^ . 

18. a (rri + r^r^) = h (rr^ + ^r^) = c (rr, + rirj}. 

>'■ (? - ') (? - (? - >) - T • 

20. 2r sin A sin B sin C = r (sin A + sin B + sin C). 

21. 2 (R + r) = a cot A + 5 cot B + c cot C. 

23. 4Rr + r* = a6 + 6c + ca — fi*. 
24. 



99 



c sin B a sin C 6 sin A ~ r ' 

25. 4A (cot A + cot B + cot C) = a* + 6^ + c^. 

26. (6 - c) rgrs -^{c-a) r^r^ + {a — h) r^r^ = 0. 

^^ cos A cos B cos C a sin A + 6 sin B + c sin C 

27. + -j-— + = — 

a c 4A 

28. 2R(l-cosA) = ri-r. 

„^ cos A cos B cos C 1 

^y. 1 J- = — 

csinB a sine 6 sin A R' 
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30. Find the radius of the iuscribed circle of a triangle 
whose sides are 706, 690 and 240 feet. 

31. If the sides of a triangle are 3, 4, 5 inches in length, 
in what ratio do the points of contact of the inscribed circle 
divide the sides? 

32. If the sides of a triangle are 5, 6 and 9 centimetres in 
length, find the radius of the circum-circle. 



Prove that 

33. Ti (cos B — cos C) + r^ (cos C — cos A) + fg (cos A - cos B) = 0. 



34. -r—^ =n + 






35. pi cos A + jOg cos B +p^ cos C = 2R (1 + cos A cos B cos C), 

where Pi^ p^y Ps are the perpendiculars from A, B, C on the 
opposite sides of the triangle ABC. 

36. abc + (a — h)(b- c) (c — a) = 4Rr (a cos C + b cos A + c cos B). 

37. 8R2(l+cosAcosBco8C) = a^ + 62 + c^. 

38. c^r" - 2a»Ar + a (r* + 4r»R + A^) - 4ARr2 = 0. 

39. If j9 is the perpendicular from the angle A on to BC, 

p = r cosec -jr v(l + cos B) (1 + cos C). 

40. If in the ambiguous case of the solution of a triangle 
where a, c and C are given, the two values of b are bi and b^ and 
Ti, ra be the radii of the corresponding in-circles, prove that 

and rj^a = a (a — c) sin^ -^ . 

At A /4R — ri— ro 

V ^1 + ^a 

42. Prove that if ^ is the angle at which the perpendicular 
from the vertex A to the side BC of a triangle ABC cuts the 
inscribed circle, then 

cos ^ = sin J (B — C) cosec J A. 
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43. Prove that 

sin* A + sin B sin C cos A = 2A» (a» + b^ + d^ja^h^i?. 

44. Prove that if the bisector of the angle C cuts AB in D 
and the circum-circle in E, 

CE/DE = (a + 5)7c«. 

148. Medians. 

If AD, BE and CF are the medians, then G the point of 
intersection is known as the Centroid, and by Elementary 

Geometry ^^ = ^ , ete. 

Also 

2AD3 + 2BD» = AB« + AC«, 

.-. 2AD« = c« + 6'-| 



or AD» 

Similarly 



'U^ 



+ c 





BE..-^(C...-|) 

149. If is the angle that AD makes with BC, and 
AH is perpendicular to BC, 

DH = J [(BD + DH)-(DC - DH)] 

= J(BH-HC); 

,. DH IBM -NO 

•'• ^*^ = AH=2"~AH"" 



Also since 



= J (cot B — cot C). 



cos^ = 



CD' + DA* -A C 
2DC,AD 

2a. AD' 



4+U"^2--4J"*^ 



a. AD 
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and 



it follows that 



sin ^ = T--: = 



cot^ = 



AH c sin B 


AD~ 


AD 


2A 




a. AD' 




d'-l^ 





4A 



The Pedal Triangle. 

ISO. The pedal triangle LMN is obtained by joining 
the feet of the perpendiculars from the angular points of a 
triangle to the opposite sides. 

The point of intersection, P, of these perpendiculars is 
called the Orthocentre. 



151. To find the distances of the orthocentre from the 
angles and sides of the triangle. 

PL = BL tan PBL = AB cos B cot MCB 
= c cos B cot C 



= — — -^ cos B cos C 
sm C 

= 2R cos B cos C. 



Similarly, 



PM = 2RcosCcosA, 
PN = 2R cos A cos B. 
PA = AM sec PAM B 

= AB cos A cosec ACL 




cos A 



Similarly, 



sinC 
=s2RcosA; 



PB = 2R cos B, 
PC = 2R cos C. 
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153< To find the angles and sidea of tJie Pedal Triangle, 

Sioce BNMC is concyclic 

.-. aAm = 180*'-BNM = C, 

AMN = 180''-NMC=.B. 

Similarly 

BNL = Ceta 

.-. MNL = 180''-2C, I 

NLM = 180°-2A, 

LMN=180°-2B. 

Since BC (= a) is the dia- 
meter of the circle throagh 
BNMC 

.-. MN = nBinNBM (Art 73) 

= a coa A= 2 R Bin A cos A = R Bin 2 A. 

Similarly N L <= Ii cos B == R sin 2B, 

LM =cco9C =RBin2C. 




153. To find the area of the Pedal Triangle and the 
radius of its inrcum-circle. 

Area of LMN = ^ NL. NM Bin LNM 

= ^ R' sin 2A ein 2B ein 2C. 

Badiua of circum-circle 

_ any side MN 



2 sin (opposite angle) 2sin ML.N 
RBin2A _ R 
"2 8in2"A~2' 
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The Ez-central Triangle. 



154. If li, I2, U are the ^-centres of the triangle ABC, 
then IJgls is called the Ex- 
central Triangle of ABC. 
By Geometry, Allj, Bllj, 'a 
CI Is, are straight lines as 
are also laAls, isBI], liCI^, 
the first thi-ee being re- 
spectively perpendicular to 
tne second three. 

Thus ABC is the pedal 
triangle of IJsls. 

By making use of the 
results obtained for the 
Pedal Triangle we can thus 
obtain the properties of the 
Ex-central Triangle. 

BAC = 180** -218^1, 



l,U 



2 



90°-^. 




Similarly 



A B 

IM = 90''-| 
l,U = 90''-|, 



BC = 1,1, cos IjIJa 
= 1,1, cos (90° 



2)' 



• • 'a'j ^ 



a 



. A' 
8in^ 
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Similarly l,li = = 

sing 

111.- Q. 

sing 

The values may easily be proved equal to 

ABC 
4Rcos^, 4Rcos^, 4Rcos^. 

155. Area of IJsIs^^ IJs. liUsin IsliU 

= 1 . 16R2cosJ| cx)s ^ sin ^90° ~\ 

= SR* cos ^ cos ^ cos ^. 
Badius of circum-circle of ABC = ^radius of circum-circle 

of liUls- 

.'. Bad. of circam-circle of lil2U= 2R. 



The Bisectors of the Angles. 

156. Let AK and AK' be the bisectors of internal 
angle BAC and its supplement respectively. 

BKBA c 
BK c 



•' BK+KC b + c' 



.'. BK = 



b + c' 
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Similarly 



KC 



ah 
b + c 

BA 



KG AC ""6' 




'»'*. 



'*^. 



B 



K C 

BK' c 



K 



• BK'-K'C c-6' 



.-. BK' = 



ac 



C-&- 



Similarly 



CK'= ^^ 



c-6- 



157. To find the lengths of the bisectors. 

A ABK + A AKC = A ABC. 

A A 

.'. JAB . AK sin 2 + i AK . AC sin ^^ = ^ AB . AC sin A 

A 
AK(c + 6)sin ^ = 6osin A 

.^ 26c A 
b + c 2 

Similarly A ABK' - A AOK' = A ABC. 

J AB . AK' sin BAK' - i AC . AK' sin CAK' = JAB . AC sin A 

AK' (c — b) cos ^ = bc sin A, 

.^, 26c . A 

.'. AK = i sm s- • 

c — o 2 



[These results have previously been proved in Art. 84.] 
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158. To find the distance between the in-centre and the 
circum-centre. 

If I is the in-centre and O the circum-centre 
IAD = 2^ 
OAD = 90" - AOD = 90° -0 ; 

.-. IAO = ^-90° + C 

A-(A+B + C) + 2C 



C-B 




AO=:R 

Al = -^ = 4R sin | sin § (Art. 143). 
sin^ 

Therefore fix>m the triangle lOA, 
OP= AO« + Al« - 2AO . Al cos OAI 

= R' + 16R' sm« I sin^ ~ - 8R« sin I siii ^ cos ?-^ 



= R«+8 R 



- . B . C I A • 
'sin^sin^ 2 si 



B . C 



B . C . B 



sin ^ sin ^ — cos -^ cos ^ — sm-^ sin ^ 



r-ki. r>r-fc« . B . C B + C 

= R' — 8R' sm -^ sin ^ cos — ^ — 

-^, f- o . B . C . A"| 

= R^ 1 — 8 sm-^sm ^ sm-^ 

= R' — 2R . 4R sin -^ sin ^ sin -^ 
= R«-2Rr. 



159. Similarly if l^, I2, Is are the ^-centres, we have 

Oli«=R« + 2Rri 
Ol22=R8 + 2Rra 
Ol8«=R» + 2Rr8. 
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160. To find the distance between the drcum-cevUre and 
the orthocentre. 

Let O be the circum-centre and P the orthocentre. 
OAD = 90°-AOD = 90^-C ^ 

PAD = 90^-ABL = 90°-B, 

.-. pAo=pad-oad 

= C-B 
AO = R 

AP = 2RcosA(Art. 151). 
From the triangle OAP, 

OP=AO«+AP-2AO.APcosOAP 

= R« + 4R2co8»A-4R2cosAco8(0-B) 

= R« + 4R«cosA[eosA-cos(C-B)] 

= R«+ 4R«cos A [- cos (C + B) - cos (O - B)] 

= R'* - 8R«cos A cos B cos C 

= R2[l - 8 cos A cos B cos C]. 

161. Ex. 1. Prove that the line joining O and P makes 
with BC an angle 0, where 

^ 3 — tan B tan C 

*^^ = -T — ;^— * — ^-• 
tan C — tan B 

PL = c cos B cote (Art 151), 

a 
CD = BD cot A = ^ cot A, 

DL = I [(BD + DL) - (CD - DL)] 
= HBL-CL) 
= |(c cos B — 6 cos C), 




tan(?=- 



PL - CD 2c cos B cot C — a cot A 



DL c cos B — b cos C 

2 cos B cos C — cos A 



sin C cos B — sin B cos C 
3 cos B cos C — sin B sin C 

sin C cos B — sin B cos C 
3 — tan B tan C 

tan C - tail B * 



[since cosA = — cos(B + C)] 
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Ex. 2. Prove that — i- = 4R. 

BliC = 90'*^^. (Art. 154.) 

It 

IBIi = ICIi = 90\ 



a diameter. 


is concyclic 


, 111 being 


.'. BC = 


HisinBliC 


(Art. 73) 


= 


lljCOSg. 




/. Ili = 


a 

A' 
cos^ 






Also 



"i 



. A r, T ri — r 
am TT = -^ = — = — — , 
2 All Al 111 ' 

sin A A . A Ty—t 

cosg sing 



r, — r 



EXAMPLES XXXVI. 



If I, Ij, la, U, O, P be the in-centre, c-centres, circiim-oentre, 
and orthocentre of a triangle ABC, 

Prove that 



1. 



2. 



lA.IB . . aC 
-j^ = 4Rsm»2. 



ABC 
3. lA. IB. IC = 4ARtan^tan^tan-^. 

AAA 

II, A 



17 
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5. Area of lil2l8 = -o— • 



6. 



Area of l2lsli_ ^i 
Area of I3I1I "" r ' 



7. If )3 and y are the angles the median through A makes 
with AB and AC, then c sin )8 = 6 sin y. 

8. lp2 = 2r2-4R2co8AcosBcosC. 

9. The radius of the inscribed circle of the pedal triangle is 

2r cob a cos B cos C. 

10. IA«+ IiA2+ l2A'+ l3A«=16R«. 

11. IO» + liO«+l20« + l80» = 12R^ 

12. a. BP.CP + 6. CP.AP + c.AP. BP = o5c. 

13. Area of triangle 

IOP = - 2R2sin I (B - C) sin|(C - A) sin |(A - B). 

14. A = r^ cot \ A cot \ B cot \ C. 

15. IA.IB.IC = 4Rr*. 

16. If Xy j/y z are the perpendiculars from O to the sides of 
the triangle 

a b c ahc 
X y z ^xyz' 

-^ lA IB IC- 

^^- i;a^i^"*"|3C"^- 

18. If the perpendiculars AL, BM, CN from the angular 
points to the opposite sides, meet the circum-circle again in 
L', M', N', 

AL' BM' CN"_ . 

AL "*■ BM "*" on" ' 

19. If the line ID makes an angle $ with BC, 

^ ^ sin B — sin C 

cot = ~ — a . 

cos B + cos C - 1 
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20. If the bisectors of the angles B and C meet the opposite 
sides in E, F, and the line EF makes an angle ^ with BC, 

(5 — c) sin A sin B — sine 

taja.<b = 7 rr^ — ^r^S ; ;z= ^ :^ — T« 

^ {a + 0) cos C + (a + c) cos B cos B + cos C + 1 

21 JW^s^ (a + b+cY ^ 

r* (b + c - a) (c + a — b) (a + b — c) ' 

22. If AL, BM, CN are the perpendiculars from the angular 
points to the opposite sides, 

(i) the perimeter of LM N = 4R sin A sin B sin C, 

,.., 11 1111 

(u) — + + — =—+ — + —. 

^ ^ AL BM CN Ti ra r^ 

« 

23. Two circles are described with centres at the comers A, B 
of an acute-angled triangle ABC, so as to touch the sides BC, CA 
respectively. Prove that the angle at which the circles cut is 
given by 

cos'^ = I cos C (cot A cot B + 1). 

24. Prove that the diameter of the circum-circle through A is 
divided by BC in the ratio of tan B tan C : 1. 

25. Perpendiculars from A, B, C on the opposite sides meet 
the circum-circle again in D, E, F. Prove that the ratio of the 
area of triangle DEF to that of ABC is 8 cos A cos B cos C. 

26. The inscribed circle touches BC at D and the perpen- 
dicular from A on BC meets BC in E. Prove that 

"^^ 2a 

27. If AD is drawn perpendicular to BC and if p^, p^ denote 

the radii of the inscribed circles of the triangles ABD, ACD, show 

that 

ootB cote , ^^ 4.^x/l 2\ 

+ = (cot B + cot C) ( - + - I . 

Pi Pa ^\r aj 

28. If Aq be the area of the triangle formed by joining the 
points of contact of the inscribed circle with the sides, and 
Ai, A3, As corresponding areas for the escribed circles 

8\ = (8 - a) Ai= (fi - 6) A2 = («- c) Aj. 

17—2 



258 ELEMENTARY TRIGONOMETRY [CHAP. XIV 

29. If Q is the intersection of the medians of a triangle ABC 
(area A), prove that 

9AQ* = 2A (4 cot A + cot 8 + cot C). 

30. Prove that 

0P» = 2r« (f + cos 2A + cos 2B + cos 2C). 

31. If K is the centre of the circle circumscribing BPC, 
prove that 

2A* 

32. If D, E, F are the mid-points of the sides of a triangle 
ABC, and D', E', F' the feet of the perpendiculars from the 
vertices A, B, C on the opposite sides, prove that 

a^cosBcosC 6' cos C cos A c'cosAcosB^ . 

EE' . FF' FF'.DD' ^ DO'.ET""" ' 

33. Prove that (a + ft + c) \\ . Il^ . W^ = 8Ra5c. 

34. Given an isosceles triangle whose vertical angle is A, and 
base a, show that the diameter of the circle which cuts the sides 
of the triangle two and two in points which are at the opposite 
extremities of a diameter is 

a 
2 — cos A ' 

35. If U is the centre of the nine-point circle of a triangle 
ABC, prove that 

IU = jR-r. 

36. On the base BC of a triangle ABC, a point V is taken 
such that VC/VB = sin 2c/sin 2B, whilst the line joining the 
circum-centre O and the orthocentre P meets BC at T. If VK 
be the perpendicular from V on OP, and if OP be bisected 
at I, then 

4lK.IT = R'. 

37. Show that the orthocentre of a triangle lies on the 
inscribed circle if 

cos A cos B cos = 4 sin" ^ sin^ ^ sin^ 5-. 

2k 2k Z 

38. If the line joining the circum-centre and in-centre of a 
triangle touches the escribed circle opposite the angle A, prove 
that 




CHAPTER XV. 

QUADRILATERALS AND POLYGONS. 

162. To find the area (S) o/a quadrilateral. 
Let B+D = 2a and a + b + c + d = 28. 

= c» + rf2-2ccicosD, 

= 2 (oft cos B — cc? cos D) (i). 

Also 

4S = 4ABC + 4ACD 

= 2(ab&mB + cdBmD) (ii). 

.*. squaring and adding, 
16S2 + (a2 + 62.^_^2)2 

= 4[a262+cVa_2a6ccZcos(B + D)] 
= 4 [a^J^ + c^rfa - 2a6cci cos 2a] 
= 4[a26a + c»d*-2a6cd(2cos2a-l)] 
= 4 (oS + ccf)2 - 16abcd cos^ a ; 
.-. 16S2 = 4(a6 + crf)2-(a« + 62-c2_^2)2_ig^^^ga^ 
= [2(a6 + cc0 + (a2 + 63-c2-(i2)] 

[2(a6 + cd)-(a2 + 6«-c»-d2)]-16aiccZcos2a 
= [(a + &)^-(c-d)T[(c + dy-(a-6)^-16a6ccZcos^a 

(c + cZ- a + 6) - IGahcdcos^a 
= (25-2(i)(25-2c)(25-26)(25-2a)-16a6crfcos«a; 

•'• S2 = (s-a)(s-b)(s-c)(s-d)-abcdcos2a. 
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In the case of a cyclic quadrilateral, 

B+D = 2a = 180°, 
.'. cosa=sO. 
Thus S2 = (s-a)(s-b)(s-c)(s-d). 

163. The area may also be found in terms of the 
diagonals and the angle between them. 




2S = 2AAOB + 2ABOC + 2AAOD + 2ADOC 
= AO . OB sin ^+ BO . OC sin (tt - 6) 
+ AO.ODsin(7r-^)+DO.OCsin^ 
= AO.DBsin^ + BD.OCsin^, 

.'. S = iAC.DBsin^. 



164. In the case of a cyclic quadrilateral, since B and 
D are supplementary, equation (i). Art. 162, becomes 

a» + 6»-c^-d'=2(a6 + crf)cosB, 

a^ + 62 _ ^a _ ^ 



i,e. 



and from (ii) 



cosB = 



sinB = 



2 (oft + cd) 

28 

a6 + ccJ * 
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165. To find the diagonals and drcum-^aditis (R) of a 
cyclic quadrilateral. 

We have shown that AC* = a» + Ja — 2ab cos B. 
Substituting for cos B from Art. 164 we have 

a4} + cd 

_ cd(a^ + 6^) + ab(c^ + d?) 
ab + cd 

_ (a^ + hd) {ad + he) 
ab-^-cd 

Similarly 

gpa_ (a6 + cd){ao + hd) 
ad + bc 

The circle circumiscribing ABCD also circumscribes the 
triangle ABC; 




AC 

•'• ""■2sinB 



/(ao + hd) {ad + be) ah + cd ,. ^ -^,. 



166. Ex. 1. Find the area of a cyclic quadrilateral when 
the sides are 4, 5, 7, 8 centimetres respectively. 

4 + 5 + 7+8 -^ 
8= 2 = 12. 

/. S = \/8 . 7 . 5 . 4 sq. cms. 

= 4\/70 sq. cms. 
= 33*46 sq. cms. 

(correct to the nearest sq. millimetre). 
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:. 2. Ji Oj by c, d are the sides of a quadrilateral and a 
the angle opposite b between the diagonals, prove that the area of 
the quadrilateral is 

J(a2+c2-6"-c?)tana. 

20C.OBcosa = OC«+OB2-62 

20A.OBcos(7r-a) = OA« + OB2-a^ 

/. subtracting 

2AC.OBcosa = OC2-OA^-6» + a2 (i). 

Also 
20A.OD0O8a = OA2 + OD2-cP 
20C.ODcos(ir-a)=OC» + OD*-c2. q c c 

Subtracting, 2AC. ODcosa = OA»-.OC«-cP + c" (ii). 

/. adding (i) and (ii), 

2AC. BDcosa = a2 + c2-6^-^. 

Now 2AC . BD sin a = 4S, (Art 163) 

. , 48 

or 8 = J(a» + c^-6»-cf»)tana. 



EXAMPLES XXXVIL 

1. If the sides of a cyclic quadrilateral are 2, 4, 8, 6 centi- 
metres respectively, find the area. [Answer to the nearest sq. 
millimetre.] 

2. Find the lengths of the diagonals of a cyclic quadrilateral, 
if the sides taken in order are 3, 5, 7, 10 centimetres respec- 
tively. 

Also find the radius of the circimiscribing circle. (Answer to 
the nearest millimetre.) 

3. If 2a is the sum of two opposite angles of a quadrilateral 
which has a circle inscribed in it, prove that the area is 

is] abed sin a. 

4. If a circle can be inscribed in a cyclic quadrilateral, prove 

that the area of the quadrilateral is slabcdy and the radius of the 
gircle 

2^ abed/ (a + b+c-^d). 
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5. If a circle can be inscribed in a quadrilateral, prove that 
the area of the quadrilateral is 

|[aV-(«c-W)']* 
where x and y are the diagonals. 

6. The area of any quadrilateral is 

where x and y are the diagonals. 

7. If ABCD is a cyclic quadrilateral, prove that 

D 

(s — c) (« — c?) tan* -^ = (« — a) (« - ft). 

8. If ^ is the angle between the diagonals of a cyclic quadri- 
lateral, prove that 

{ac + bt{)BmO=2 \/(« — a) (« - b) (s -<?)(»- rf), 

9. ABCD is a cyclic quadrilateral, the circle having unit 
radius ; a, /9, y are the angles subtended by AB, BC, CD at the 
circumference ; prove that 

area of ABCD = 2 sin (fi + y) sin (y + a) sin (a + j8). 

10. If 2a is the sum of two opposite angles, ^ the angle be- 
tween the diagonals, and the quadrilateral such that a circle can 
be inscribed in it, prove that 

^ „ . 4a5cc?sin*a 
(ac — bay 

11. A quadrilateral is formed of four jointed rods of lengths 
a, bf c, cL n the area of the quadrilateral when the angle be- 
tween a, 6 is a right angle is equal to the area when the angle 
between c, dis a, right angle, show that either ab = cd^ or 

a^^b^ = c» + d^. 

12. Show that if a, 6 are adjacent sides of a parallelogram, 
a, <l> the acute angles between the sides and between the diagonals 
respectively, then 

Tsin^ = siiiacos^+ Vl — cos* a cos* <^. 
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13. If equilateral triangles are described on the sides of a 
quadrilateral outwards, and their comers joined in succession to 
form another quadrilateral, prove that the sum of the squares of 
its sides is 

where x and y are the diagonals of the original quadrilateral 

14. If a; and y are the diagonals of a quadrilateral and the 
sum of two opposite angles, prove that 

15. If a circle can be described about a quadrilateral, the 
ratio of the tangents drawn to the circle from the intersections of 
opposite sides is 



g^-c" /bd 



16. If it is possible to draw two circles, one touching AB, 
BC, CD, the other touching CD, DA, AB, and the two circles 
touching one another, prove that 



/ -L J\ • A+D . 

(a— 6 + c — a)sin —^ — = 4 



/ 



- , . A . B . C . D 
od sin ^ sin ^ sin -jr sin -^ . 

A A a Z 



REGULAR POLYGONS. 

167. To find the radius and area of a regular polygon 
ofn sides inscribed in a circle. 

Let AB(=a) be one of the sides of the polygon and 
O the centre of the circumscribing circle. 

Draw OM perpendicular to AB. 
AOM^iAOB 

"2* n 
R = AM cosec AO M 



& IT 

= jr cosec-. 
2 n 



(i). 
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Area of polygon = n x area of AOB 



na a , TT 



|aBxOM 

— i- cot - . 
4 n 



By substituting for a from (i), this value becomes 

27r 



^nR^sin 



n 



1 68. To find the radiibs and area of a regular polygon 
of n sides circvmiscribed alxmt a circle. 

Let AB (= a) be one side of the polygon, touching the 
circle at M. 

Join OA, OB, OM. 

A6M = iA6B = -, 

ft 

TT 



R = AMcot- 

n 

a , IT 

= ^ cot - . 

2 n 



.(ii> 



Area of polygon 

= nxarea of AOB 




|aBxOM 

na^ ^v 
— r- cot - . 
4 n 



na a ^TT 

-^ X TT cot - 

2 2 n 



By substituting for a from (ii), this value becomes 



nR^tan-. 
n 
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169. Ez. If the length of one side of a regular pentagon 
is 5 centimetres, find its area, and the radius of the circumscrib- 
ing circle, 

R = ^ cosec -= = TT oosec oo , 
2 5 2 

= |x 1-7013 = 4-2533 cms. 

Area = 5 x area of AOB ^^-:7^^^^ 

=5x^OM /j^ W 

125 \\ y 

= -^ X 1 '3764 sq. cms. \\ / 

= 4 3 sq. cms. (to the neai*est sq. cm. ) 



EXAMPLES XXXVIII. 

1. If the length of the side of a regular hexagon is 
10 centimetres, find the radius of the inscribed circle and the area 
of the hexagon to the nearest sq. millimetre. 

2. Find the perimeter of a regular octagon which surrounds 
a circle of radius 2 feet. (Answer to "001 of a foot.) 

3. Find the length of the side of a regular hexagon inscribed 
in a circle of radius 5 centimetres. 

4. Find the area of a regular decagon inscribed in a circle of 
6 inches radius. (Answer to y^ of a sq. inch.) 

5. If an equilateral triangle and a regular hexagon have the 
same perimeter, prove that their areas are as 2 : 3. 

6. Show that the areas of the inscribed and circumscribed 
circles of a regular hexagon are as 3 : 4. 

7. Given that a regular hexagon has an area of 200 sq. 
centimetres, find the area of the circle inscribed in it. (Answer 
to the nearest sq. centimetre.) 
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8. If the area of a circle is 150 sq. inches, find the area of 
the regular pentagon described about it. (Answer to the nearest 
square inch.) 

9. The area of a regular hexagon is 235 'sq. centimetres. 
Find the length of one of the sides to the nearest millimetre. 

10. Two regular polygons of n sides and 2n sides have the 

IT TT 

same perimeter, show that their areas are as 4 cos - : 1 + cos - . 
^ ^ n n 

11. Two regular polygons of n sides are respectively circum- 
scribed about and inscribed in a circle. Prove that their areas 

are as cos' — : 1. 
n 

12. Find the area enclosed by 200 hurdles placed so as to 
form a regular polygon of 200 sides, the length of each hurdle 
being 6 feet. (Answer to the nearest sq. foot.) 

13. ABODE is a regular pentagon. Show that if the distance 
of A from B or E be 34 inches, its distance from C or D will be 
55 inches nearly. 



CHAPTER XVI. 

GENERAL VALUES OF ANGLES WHICH HAVE THE 

SAME SINE, COSINE, ETC. 




1 70. The only angles in the first four quadrants which 
have the saToe sine as A are from the 
figure 

A and tt — A. 

Now the addition or subtraction of 
any multiple of 27r makes no difierence 
to the trigonometrical ratios of an angle. 

Hence all the angles which have the 
same sine as A are found in the formulae 

2r7r + A 

and 2r7r + tt — A, i.e. (2r 4- 1) tt — A, 

r being any integer positive or negative ; and all these angles 
are included in the formula 

W7r + (— 1)**A, 
n being any integer positive or negativa. 

This is also the formula for all angles which have the 
same cosecant as A. 

Hence the general solution of 

sin aO = sin 6A, or cosec aO = cosec 6A, 
a and b being any constants, is 



i,e. 



^ = — ^(-n^-A. 
a ^ ' a 
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171. The only angles in the first four quadrants \vhich 
have the same cosine as A are 

A and 27r — A. 

Hence, as above, all the angles hav- 
ing the same cosine as A are included in 
the formulae 

2r7r + A and 2r7r + 27r — A, 

r being any integer positive or negative; 
all these angles are included in the 
formula 

2n7r ± A, 

n being any integer positive or negative. 

This is also the formula for all angles which have the 
same secant as A. 

Hence the general solution of 
cos.a^ = cos 6A or 
aj9=2mr±hk, 




sec ad = sec 6A, 



IS 



%.e. 



a a 



172. The only angles in the first four quadrants which 
have the same tangent as A are 

A and w + A. 

Hence, as above, all the angles hav- 
ing the same tangent as A are included 
in the formulae 

2r7r + A and 2r7r + tt + A, 

r being any integer positive or negative; 
all these angles are included in the 
formula 

WTT + A, 

w being any integer positive or negative. 

This is also the formula for all angles which have the 
same cotangent as A. 
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Hence the general solution of 

tan aO = tan 6A or cot aO = cot bk 

is a^ = riTT + JA, 

/, riTT h - 
I.e. ^=s — +-A. 

a a 

1 73. It is interesting to notice that when an equation 
involves a square, the solution is always 

riTT + A. 

For if sin2^ = sin»A 

then 1 - sin* ^ = 1 - sin^ A, 

.•. cos* ^ = cos* A; 

.-. tan*^=tan«A; 

or if cos* ^ = cos* A 

then sin* = sin* A, 

.'. tan* ^ = tan* A; 

and thus every such equation is equivalent to 

tan* ^ = tan* A, 

/. tan 6 = tan A or tan (— A), 

.•• ^ = W7r + A. 



ILLUSTRATIVE EXAMPLES. 

174. Ex. 1. Solve 

3sin7^-2sin4^+3Bin^ = 0. 
3 (sin 7 ^ + sin ^) = 2 am iO, 
6 sin iO cos 3^ = 2 sin iO. 
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/. either sin4d = = siii^, 

i.e. 4:^=W7r+(— 1)*^, 

or cos 3d = J = -3 = cos 70' 32', 
i.e. 3^=271^ + 70*^32' 



Ex. 2. Solve 



tf=^±23*30'f. 



cos ad = sin hO, 
cosad = co8 ( ^ — 6d J , 

ad = 2nir±/'^-&(9V 

^ (4n+l)ir 
2(a + 6) ' 



or 

we might have started 

sin 



" 2(a-by 



in(-x — aOj =siii5detc. 



• 3. Solve 

7cosd + sind = 2. 

Ist methocL Change into - , thus 

7 f cos'^ — sm^^j + 2sm- cos^ = 2 f CDs'* ^ + sm^ ^ j . 

Dividing by cos* ^ 

7 A - tan»|) + 2 tan |=:2 ^1 + tan» |V 

B. 18 
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Solving tan ^ = -8647 or - -6425, 

:. tan I = tan 40" 51' or = tan (- 32" 43'), 

.-. I = n7r + 40* 51' or = WIT - 32** 43', 

i.e. ^ = 2nv + Sr 42' or 2nw- 65" 26'. 

2nd method. Divide by the sum of the squares of the 
coefficients of cos 6 and sin 0, 

cos + , sm 6 = — r- 



Jr+i^ *s/7* + p V7^+p* 

Fix)m tables | = tan 8" 8', 

• , ^ = cos 8° 8': , ^ = sin 8° 8', 

also ,-J = -2828 = cos 73" 34', 

/. cos 8" 8' . cos tf + sin 8" 8' . sin (9 = cos 73" 34', 
cos (^-8" 8') = cos 73" 34', 
/. tf-8"8' = 2n7r±73"34', 
d = 2n7r + 81"42' or 2wx-65"26'. 



Examples on this method have generally been set so as to bo 
done by known angles; thus 

V3cos^+ sin^=72, 

/. ^cos^ + Jsin(9=-^2> 

cos 30" cos ^ + sin 30" sin = cos 45", 
cos {$ - 30") = cos 45", 

/. tf = 2n7r±45" + 30" = 2n7r + f^ or 2n^-^, 

IJ 12 



XVl] QENERAL VALUES 273 

Ex. 4. Solve 

(1 - tan ^) = (1 -Stan ^)co82tf 

(1-3 tang) 
l+tan*tf * 

/. l-tang + tan»tf-tan»g = l-Stang, 

/. either tan^ = 0; i,e, O^rvtr^ 

or tan»tf-tand-2 = 0, 

/. tan ^ = 2 or tantf = -l, 

/. tan ^ = tan 63** 26', or tan d = tan (^- j V 

/. ^ = WTT + 63' 26', or d=wx-y. 

4 

• 5. Solve 

sin' ^- cos 2^=1 J. 

sm2^-(l-2sin»^) = li, 

3sin2^=o, 
sin»^ = sin»60% 
.-. ^ = W7r+60". (Art. 173.) 



EXAMPLES XXXIX. 
Find the general solution of 

1. sin 2(9 = ^^. 2. co8 3d = |. 

3. tan 4^ = 1. - 4. sin 5(9 = -3502. 

5. cos 6^= -95. 6. tan 7^= -7032. 

7. sin3 3d = f. 8. cos»3^ = J. 

9. tan'' 3(9 -3. 10. sin 2^ = sin d. 



18—3 
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11. cos 3d = cos 2^. 12. tan4d = tan3d. 

13. sin" 5d = sin« d. 14. cos^ 4d = oos« 3d. 

15. tan» 3d = tan» d. 16. cos 3d = sin 2d. 

17. sin 5d = cos 3d. 18. tan7d = cot2d. 

1 9. sin 4d + sin 2d = sin 3d. 

20. cos d - cos 7d = sin ^$. 

21. sin 5d - sin 3d = J cos 4d. 

22. cos 6d + cos 2d = (1-4216) cos 4d. 

23. sin7d + sin 60 + sin 3d + sind = 0. 

24. cos 90 + cos 7d - sin 5d - sin 3d = 0. 

25. sin 7d sin 5d = sin 3d sin d. "^ 

26. cos 9d cos 7d = cos 5d cos 3d. 

27. sin 7d cos $ = sin 5d cos 3d. 

28. sin d cos 3d = sin 2d cos 4d. 

29. 5cosd + 2sind = 4. 30. 8cosd + 3sind = 6. 
31. 4cosd + 3sind = 6. 32. 7cosd + 2sind = 7. 
33. 738ind-cosd=l. 34. sin d + cos d = ^2. 
35. sind+ V3cosd = V2. 36. sind- 1 = V^cosd. 
37. cos 2d = cos d- sin d. 38. sin 6d sin 2d = |. 
39. 4cos3d + 3co8d = 0. 40. tan2d + 3cotd = 0. 

41. 2 sin X — sin 2aj = 2 (1 + cos xy. 

42. tan2d-4secd + 5=0. 43. tan 2d = 8 cos'* d - cot d. 



44. tan(j + d) = 3tan^j-dV 

._ (sin 2d - cos 2 d) o . 2/, 1 

45. -^ j^ = 2 sin'* d — 1. 
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46. cotSa;— 3cot2a; + oota?=0. 

47. sind + 1 =008^ + tan^, 

6 6 

48. Scot d = sec^s + ^5^^s®^9« 

49. tan x + tan (a; + a) + tan (x + p) = tan x tan {x + a) tan (x + P). 

50. 2sin"a: + ^3co8a;+l=0. 

51. 2 sin* x + 3 cos a; = 0. 

52. 3(1 — 008 0?) = sin' a? (3 — 2 cos a;). 

53. smg + ^ = 28m(^-|). 

. ^ . cos a sin a « 

54. ^- + -T— s- = 2. 

cos 2a; sin iix 

55. sin(a+a;) + sin(j8 + aj)=0. 
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To express the Trigonometrical Ratios of half an angle in 
terms of those of the whole angle. 

176. Given cos a = k, find sin ^ , cos - . 

„a 1 + cosa 1 + k 
co8«2 2 2~' 

. ^ a 1 — cos a 1—k 
^"^ 2 = — ^ 2~' ' 

o , /l+k . a . /1-k 
•'■ ^*»2 = ±V ^~' ^™2'=*V "2"- 
It will be noticed 



cos 



a /l + cos a . a /I — cos a 
2 = V 2"""' ^'^I'^V 2 

when ^ lies in the first quadrant^ 



cos 



? — _ / l + CQs ot • a _ / I — cosg 
2 " V 2 ' ^"^^^ 2 "" V 2 

when ^ lies in the second quadrant, 

a /l+cosa .a /l— cosa 
2 = ""V"~2~"^ ^'^2 = "V~^ 

when ^ lies in the third quadrant, 
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a /l + cosa '.a /l- 

2 = V 2 ' sin^^-y- 

when ^ lies in the fourth quadrant. 



2 



Considerations of the double value. 

176. (i) Arithmeticdl. 
Given cos a = •6261. 

We have from Tables 

a = 6ri4' 
.•. also from Chap. VI, 

a=-5ri4' 

a = 360^ - 51** 14' = 308** 46' 

a = 360^ + Sr 14' = 4ir 14' 
therefore 

cos ^ = cos* 26^37' =-9017; sin 5= sin 25° 37' = -4324 
2 i2 

cos I = cos (- 26° 370 = "SOiy ; sin | =sm(- 25°37')= - -4324 

cos 5 = cos 154° 23' = - -9017 ; sin | =8in(-164°23')=-4324 

cos I = cos 206° 37' = - -9017 ; sin | = sin 205° 37' = - -4324, 

i.e. cos| = +-90l7; sin|=±-4324. 

We shall now show that these results obtained from first 
principles are the same as those found from Art. 175. 

.„,|=i^/i±p.i^S|llL_i«x7 
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177. (ii) Algebraical, 

cos a = A; = cos A, suppose, 
where A is the smallest positive angle satisfying the equation, 
then a = 2n7r ± A. 

A\ .a . / A' 



cos 



I = COS (nir ± 2 j ; sin | = sin Tnw ± -g j , 



(a) when n is even = 2m suppose 

COS ^ = cos f 2m7r ± „ ) = cos -^ ; 

sin 5 = sin f 2mTr ± ^ j = ± sin -^ , 

(6) when n is odd = 2m + 1 suppose 

cos ^ = cos f 2m7r + w ± -^ j = — cos -^ ; 

sin ^ = sin f 2m7r + w ± ^ J = T sin g-, 

.*. for all values of n 

OL ^ A . a . . A 

cos ^ = ± cos ^ ; sm ^ = ± sm -5-. 



^*V"T" =±V~2"- 



1 78. (iii) Oeometrical. 

cos a = k = cos A, suppose, 
where A is the smallest positive angle satisfying the equation. 

Let AOPi = A, 

A6Pa = 27r-A. 



1 
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Let OP revolve positively so 
as to trace out a, and OQ revolve 
positively half as fast, so as to 

trace out ^» 

Every time OP passes the 
positions OPj, OPg, a satisfies Q 
the equation cos a = A;, and at 
these moments the position of 

OQ will afford us values of ^ . 

When OP is at OPi the 1st time, OQ is at OQi, 

2nd „ „ OQ2, 
3rd „ „ OQi, 
4th „ „ OQ2, 
and so on. 




it 



» 



j> 



» 



» 



fi 



ii 



y> 



Again, 



when OP is at O Pa the 1st time, OQ is at OQ3, 

2nd „ „ OQ4, 
3rd „ „ OQ3, 
4th „ ,. OQ4, 
and so on. 



>> 



» 



>> 



» 



» 



» 



>» 



» 



» 



Thus 



cos ^ s=: cos AOQi = cos -^ 



= cos AOQ3 «= — cos -^ 

A 
= cos AOQs = — cos -^ 



= cos AOQ4 = 



cos 



Thus 



sin ^ = sin AOQi = sin -^ 

A 
= sin AOQ2 = — sin -?r 



= sin AOQs = sin -^ 
= sin A0Q4= — sin -^ . 



cosg= ± cos 



2 = *V~2~' ""'2 = *V"2"- 
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179. Given siiia = h; find sin-, cos^. 
( cos^+sin 2 1 = cos^^ + sm^ o "*" 2 sin^ cos ^ = 1 + A,, 
( cos ^ - sin ^ 1 = cos^ 5 + sin' ^ — 2 sm ^ cos ^ = 1 — A., 
.-. cos g + sin ^ = ± VI + A, 



cos 5 — sin 5 = + Vl — A, 



therefore 



a 
cos 2 = 


VI + A 
" 2 ^ 


Vi_ 

2 


■A 


or 


Vl+A 
2 


Vi- 

2 


~h 


or- 


Vl+A 
2 


Vi- 

2 


■A 


or- 


Vl+A 


Vi- 


-A 



sin ^=—2 2 — •••^^)' 






180. Since 

^cos| + sin|)= V2sin(? + J), 

and rcos|-sin|j = - ^2 sin (| ~^j > 

we see that 

(A) holds when sin f3^ + -2) is positive and sin (^ — -^j 
negative ; 
i.e, when ( o + t ) is in first and second quadrants ; and 

( - — J J is in third and fourth quadrants ; 
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i.e, when -^ lies between — t and -r- ; and jr lies between 
2 4 4 2 

ie. when ^ lies between — j and t > or 

generally when ^ lies between 2mr — j 

and 2ri7r + -r . 
4 

(B) holds when sin f ^ + - J is positive and sin [^ — — ) 

positive ; 

i^ when s lies between — — and -j- ; and -x lies between 
2 4 4 2 

i& generally when ^ Kes between 2n9r + j and 2n7r + -2- . 

(O holds when sin (I + 5 is negative and sin (| - 5) 
positive ; 
ie. when 5- lies between -^ and -;j-; and ^ lies between 



4 



4 



jand^, 

i.e. generally when ^ lies between 2w7r + -7- and 2n7r + -j- . 

(D) holds when sin ( 9 + -r) is negative and sin (o — t) 
negative ; 
i.e. when ^ lies between -7- and -j- ; and ^ lies between 

i.e. generally when -x lies between 2n7r + -j- and 2?i7r + -j- . 
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181. Thus from a figure 



a Vl+sina Vl— sina 
^«2== 2 + 2 ' 


"l 


. a Vl + sina Vl — sina 

cm — = — . 


/ 



2 



when ^ lies in PiOPg, 



a Vl + sin a Vl — sin a 



COSg = 



. a Vl+sina . Vl— sina 



sm^ = 



+ 




0^ 

when ^ lies in PaOPs, 



a 
cos^ 



Vl + sin a Vl— si 



sina 



. a 
sing 



Vl + sina Vl— sina 
— ^ + 7^ 



a 



when ^ lies in P8OP4, 



a 

C08g = 



Vl+sina Vl— sina 



. a 

81112 = 



Vl+sina Vl— sina 



when ^ lies in P40Pi. 



This article will be found very useful in. working out examples. 
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Considerations of the quadruple value. 

182. (i) Ariihrnetical, 

Given sin a = '7797. 
We have from Tables 

a=5ri4', 
also from Chap. VI 

a = 180° - 51" 14' = 128° 46^ 

a = 360° + 5ri4' = 4iri4; 

a = 540° - 51° 14' = 488° 46'. 

cos I = cos 25° 37'= -9017; sin | = sin 25° 37'= -4324 

= cos 64° 23'= -4324; =sin 64° 23'= -9017 

= cos 205° 37' = - -9017 ; = sin 205° 37' = ~ 4324 

= cos 244° 23' = - -4324 ; = sin 244° 23' = - -9017 , 

We shall now show that these results obtained from first 
principles are the same as those found from Art. 179. 

VI + '7797 Vl - '7797 ^ ^ 



V1 + -7797 V1--7797 ,^^, 
— •4t^24. 



183. (ii) Algebraical, 

sina = A = sinA, suppose, 
where A is the smallest positive angle satisfying the equation. 
Then a = wtt + (- 1)^ A. 



.-. cos2=cos|Y- + (-l)~2h 

. a . {nir , ,x^A) 
sm2=sm|-2- + (-l)«2[; 
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(a) when n is of form 4wi 

cos ^ = COS ( zmir + "9 1 = ^^^ 5 

;in ^ = sinf 2m7r +-9 J = sin-^-. 



(6) when n is of form 4m + 1 

cos ^ = COS I 2m7r + ^ — "o ) = sm -^ ; 

. a . /^ , 9r A\ A 

sm ^ = sm I 2m7r + 9 "- 9 J = cos^. 

(c) when n is of form 4m + 2 

cos ^ = cos f 2m7r + tt + -^ j = — cos -^ ; 

sin ^ = sin ( 2m9r + w + ^] = — sin ^. 

{d) when n is of form 4m + 3 

cos 2 = cosf 2m9r + w + 5- — ^) = — sin ^ ; 

. a . (^ , , TT A\ A 

sm ^ = sm ( 2m7r +^ + 9-— 9) = — cos -^ . 

Therefore for all values of n 

a . A . a . . A 

cos H = ± cos gT , sm ^ = + sm ^ , 

A A 

or + sin-^-, or±cos^. 

184. (iii) Geometrical. 

sina = A = sinA, suppose, 
where A is the smallest positive angle satisfying the equation. 
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Let 

AOPi = A; AOPa = 7r-A. 

Let OP revolve positively so 
as to trace out a, and OQ revolve 
positively half as fasty so as to 

trace out ^. 

Every time OP passes the 
positions OPi, OPa, a satisfies the 
equation sina = A; and at these 
moments the position of OQ will 

afford us values of ^ . 

When OP is at OPi the 1st time, OQ is at OQi, 

2nd „ „ OQa, 
3rd „ „ 0Q„ 
4th „ „ OQ2, 

and so on. 
Again, 

when OP is at O Pa the 1st time, OQ is at OQ3, 

2nd „ „ OQ4, 
3rd „ „ OQ3, 
4th , „ OQ4, 
and so on. 

» 

a A 

Thus cos 5 = cos AOQi = cos g- 

A 

= cos AO Qa = — cos ^ 



>> }* 



» >t » 



>9 i> >t 



>t it it 



= cos AOQs = cos f 1^ - - j = sin-^ 



A 
cos AOQ4 = — sin "5 . 
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Hence 

a , A . /Vl 4- h Vr^A\ 
cos2 = ±cos2=±^-2— + — 2-j 



or ismgori^-^ g— j. 

sin ^ = sin AOQi = sin -^ 



= sin A0Q2 = — sin -^ 



2 



= sin AOQs = sin (I" - 2) = ^^^"o 

A 
= sin AOQ4 = — cos -^ . 



Hence 



.a ..A . /Vi + A Vl-A 
sin 9 = + sm 



or + cos 



2"- V 2 2 /' 



1 85. Given tan a = k, find tan - . 

2tan^ 
tan a = = k, 

1- tana I 

/. tan^s + T tan 3- 1=0, 

^ a -1+VT+^ 
•*• *^''2^ k • 



^, . a -l + Vl+tan»a 

Thus tanrt = 1 » 

2 tan a 

when ^ l^^s ^^ ^^^ fii^^^ ^'^^ third quadrants, 
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, ^ a -l-Vl + tan^'a 

and tan 7c = : , 

2 tana 

when ^ lies in the second and fourth quadrants. 

186. Algebraical conslderatioii of the double 
value. 

tana = A; = tanAy suppose^ 

where A is the smallest positive angle satisfying the equation, 



then 


a = n7r + A. 


Case (i) 


n even = 2m> 


1 


a ^A 




. a ^ A 

.'. tan 5= tan -s". 


Case(ii) 


n odd = 2m + 1, 




a . w A 
- = m^ + - + -; 



The arithmetical and geometrical considerations are left 
as an exercise for the student 



ILLUSTRATIYE EXAMPLES. 
187. Ex. 1. Prove that 

2 cos Q = ~" V 1 — sin $ — Vl + sin 0, 
It 

when lies between 270** and 450**. 

Since ^ lies between 135* and 225**, i.e. in P8OP4 (Art. 181), 



2 cos^ = - >/l + sin — Vl-sintf. 



19 
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XjX. 2. Show that 



co8^ = iN/2+>/2+V2;8iii^ = iN/2->/2 + V2. 




,^^^1 1 



From Art 175, <508 g = + W § " 9 "^^ "*" '^^' 




I+COS77 



cosjg = + ^ — 2 = Q^/2 + ^/2+V2. 

Also 




/ll!^ 1 

^le^V — 5 2 



= 1V2-n/2 + V2. 



:. 3. Given that sia 210" = - J^, find the values of sin 105' 
and cos 105*. 

A 

Since 105* lies between j and -j- , we have by Art. 181, 

,^,3 Jl + sin 210' Vl-sin210' 
COS 106 = 2 2 

__ 1 _ V3 ^ 1-^3 

"2;^ 272"" 2^2 * 

. ,^^, n/1 + sin 210^ Vl-sin210'* 
sml05 = p;^ + 



2 2 

JL , V3 _ 1 + V3 

2^2 2 V2"" 2V2 • 



EXAMPLES XL. 
Prove that 

^ ___________ 

1. 2 cos <r = Vl + sin ^ + V 1 — sin ^, 

2 sin 5 = n/1 + sin ^— Vl — sin 6^ 
when ^ lies between 630' and 810' or between -810* and -630'. 
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A 

2 sin ^ = V 1 + sin + vl — sin 0^ 

when lies between 810** and 990' or between - 630* and - 450* 
or between 90" and 270\ 

3. 2cos^ = — Vl+sin^- N/l-sin^, 

2 sin 77 = — Vl + sin + vl — sin^, 

when $ lies between 990* and 1170* or between —450* and 
-270* or between 270* and 450*. 

4. 2oos^ = — ^/l + sin^+ Vl — sind, 

2 sin^ = — \/l + sin ^ — >/!— sind, 

when lies between 1170* and 1350* or between —270* and 
-90* or between 450* and 630*. 

5. If ^ = 200*, 400*, 600*, 800*, 1100*, show that 

1 + n/1 + tan" 20 



t&nO = 



tan 2^ 



6. If ^=100*, 300*, 500*, 700*, 1000*, show that 

-l-VrTtaE?25 



tan& = 



tan 2d 



A A 

7. If cosA = -^, find sin^ and cos^, A being between 270* 

and 360*. 

8. If sin A = |4§ and A Ke between 270* and 450*, find the 
values of sin ^ and cos ^ . 

Ji Ji 

9. Having given that sin 260* = - 0-9848, find the values of 
sin 130* and cos 130*. 

19—2 
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10. Find sin 115** and cos 115% given that 

cos 230" =-0-6428. 

1 1. If tan 2 A = ^, find the values of tan A. 
Prove that 

12. sin^ = jN/2^^. 

13. cds^ = J>/2+V2TV?. 

U. sin J = jN/2-VJ(5 + V5) = |[>/iO+N/2-2V6-V5]. 

15. tan|=V2-l. 

16. If cos 4^ = a, the possible values of tan^ are the four 
values of 

n/2 + Vl + g 

+ Vl-a 

17. Prove that sin j cosec To + 4: sin ^Ti = V^ + V^« 



CHAPTER XVIIL 

INVERSE CIRCULAR FUNCTIONS. 

1 88. Def. sin~^ x stands for ** The numerically smallest 

angle whose sine is a^ 

cos"^a? stands for "The numerically smallest angle 
whose cosine is x** etc. 

Rule, When there are two numerically smallest angles 
take the positive one, 

e,g. cos-i J = + 60** and not - 60^ 

NJB. sin"^(sin^) = anglea?; cos~"^ (cos ^) = angles?; 

tan~^ (tan x) = angle a?, etc. 

These equations put into words are seen to require no 
proo£ 

Some writers regard sin"' a; as many-valued; thus sin""' a; 
would equal wtt + (- l)'*sin""*a3; but in elementary work the 
student is advised to consider the above value only which is 
sometimes called The Principal Value. 

189. From a figure the student at once sees 
d) = sm~* iv = COS"' V 1 — a;" = tan"' . 

s= cosecT^' - = sec ' . = cot~' 
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= 



coar^j/ 






vr=7 



= cot-i 



y 
y 



Vl-2/* 



= sec"^ - 

y 



s=cosec 



— 1 



Vl-y»' 




V\-y^ 



'^ = tan""^ z = sin""^ 



Vi + 



= cos~^- 



VlH-^ 



= cot-i- 
z 



= secr-iVl+^ 



= cosec 



z 




The above values need not be remembered, a figure at 
once recalls them. 



190. A numerical example will make the 
above more clear. From the figure we see at once 

Q = sm^ :rs = cos :nc = tan^ -=- etc. 
16 lo o 



The addition and subtraction of inverse functions. 

(i) Find the value of 

sin~^ X ± sin""^ y ; and of 2 sin~^ x. 




\ 
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191. Draw two figures putting 

sin~^ x^0; sin"~* y = <l>* 




Vv^ 




Vr^ 



sin~*a? + sin~^y = d + (f> 



= sin-* {sin (0 + ^)} 

= sin-* {sind cos^ + sin^ cos^} 

= sin-* {os Vl— y« + y Vl-a^} 

obviously 



= COS""* {cos (^+^)}; etc. 

= cos""* {cos cos^ — sin sm<f>} 

= cos-* { Vl — cc^ Vl— y^ — a?y} ; 



sin-*a? — sm~*y = sin-*{a?Vl — y» — y Vi— ar^} 

= cos-* {VI— a?« Vl— y» + icy}. 



192. sin-* a? ± sin"* y = 



^ ± ^ = tan-* {tan (0 ± ^)\ 
[1 + tan ^ tan ^ 



a? 



y 



= tan-*blz£_^iZZ 



IT 



ay 



Vl-a;«Vl-y^ 



1 93. 2 sin-* a? = 2d = sin"* (sin 2d) = cos"* (cos 20); etc. 



= sin-* (2 sin cos 0) 
= sin-* (2a? Vl-ar*) 



= cos-* (1-2 sin» d) 
= cos-* (1 - 2«r»). 



We leave it for the student to show 

COS"* X ± COS"* y = cos-* {ay T Vl — ic» Vl— y*} 

= sin-* {y Vl— ic^ ± a? Vl — y^} etc. 

and 2 cos-* ^ = cos-* ( 2^ - 1 ) «= sm-* ( 2a) Vl - a:^). 



294 



ELEMENTARY TRIGONOMETRY 



[chap. 



194. (ii) Find ths value of 

tan""^ X ± tan"^ y ; and of 2 tan~^ x. 

Draw two figures putting tan""^ x=^6\ tan~^ y = ^• 





tan~* X + tan~* y = ^ + ^ 



=tan-i{tau(^+0)} 

[1 — tan $ tan ^J 
^tan-i^±2^ 



1-^ 



= sin "^ {sin (^ + <f>)} ; eto. 

a= sin~^ {sin 6 cos <^ +cos ^ sin <f)} 

Ivi+A-a Vl+v2 Vl+v* ^l-^-a^i 



tan"^ a? — tan""^ v = tan"* = ^. 



obviously 

Again, 

2 tan-i/c = 2^ = tan"* (tan 2^) 

tan^ 



1 +xy 



= tan" 



=:tan" 



,, [ 2 tan g I 
(1 - tan« e] 



= COS"* (cos 2^) ; etc. 
= cos-i (2 cos2 ^ - 1) 



= COS""* 



iih-^) 



= COS~* 






The values of 2sin~*a5, 2cos"*a5, 2tan~*aj might obviously 
have been obtained from those of sin~* x + sin~*y, etc., by putting 
x = y. 

NUMERICAL EXAMPLES. 



195. Ex. 1. Prove that 

COS-' ^1 - cos-i ^ 



= sin"* i 
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Draw two figures putting 
co8-»U = 0; 008->J| = <^ 
0(»-»J|-C08-l|§ = <)-.^ 

= sin"^ {sin {9 — <^)} 

= sin~^ {sin 6 oos <f> — sin <^ cos ^} 

- • 1/63 12__5^ 161 
"^^ 165 'IS 13' 65/ 

= ^ (657X3) = ^^^ ^- 

This example should be verified from Tables ; thus 

008- 1 if =008-1 (-2462) = 75* 45', 
co8-ii§=co8-iC923I)=22"37', 
sm-i^ =sin-i(-8) =53'*8', 
and 75" 46' - 22** 37' = 63*' 8'. 





Ex. 2. Prove 

tan-i -^^ + 2 tan-i | = tan-^ J. 

Call \Bxr^-^T; = 6] t&xr^\ = <f>] 

then tan~i y\ + 2 tan-^ i = ^ + 2<^ = tan-' {tan {$ + 24>)} 

tan + tan 2<f> 



= tan' 



■ [B 



tan $ tan 2^ 
2tan^ 



} 



tan^ + 



= tan-i 



l-tan"<^ 



l-tan^..^^^f- 
l-tan«^J 



= tan" 



1 f A + it 1 

U — TT • ¥tJ 



=*^''(Ar^)=**""'^- 



This should be verified from Tables, thus 

tan-i^=: tan-i (-1818)= ions', 
2tan-i^ = 2 tan -1 (-1429) = 2 (8° 8') = 16" 16', 
tan-ii= tan-iC5) =26"34', 
and 10" 18' + 16" 16' = 26" 34'. 
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EXAMPLES XLL 



Complete the following : 

1. sin-i ^ = tan"i [ 

2. cos-i f = cot-^ [ 

3. tan-iff = sin-i [ 

4. sin-^ f + cos-^ Jf : 



]• 
]• 
]• 

sin~^ [ 



Prove that 



5. 

6. 

7. 

8. 

9. 
10. 
11. 
12. 
13. 
14. 
15. 
16. 

17. 

la 

19. 
20. 
21. 



sin-i 4 + cos-i ^ = tan-i f f . 



2cos 
2 sin" 
2 tan- 
tan" 
2 tan- 
tan" 
tan- 
tan" 
tan- 
4tan- 

2tan" 



| = cos-i(-37^). 

§ = tan-iY. 
| + tan-i| = tan-ii|., 
I + tan-4 = tan"i f |. 
| + tan-^f = tan-i^. 
| + tan-4 = tan-»(-2^). 
|-tan-ii=tan-iff. 
i + tan-i J = 45^ 
^ + tan-i^^ = 45\ 

i + tan-^i=^-taii-i^. 



tan *w + cot-^(w+ l) = tan-^(7i2 + w + l). 

tan-^ /^sina_\ __ ^^_, /^-cosaN ^ ^ 
\l-a:cosa/ V sina / 2 

sin (2 sin"^ a:) = 2x Vl-aJ*. 



— cu 



cos * = 2 tan 

a + a; 



V a 
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23. cot^ r + cot-^ T + cot ^ =0. 

a—o o—c c^a 






ciA o -1 A-^ • _i 2 V(a-a;)(a;-6) 

24. 2 cos ^ A / T = sin^ ^ V^ ^ 

a — h 



25. tan"'J + taii-'»^ + tan"*4. + tan-»| = J. 

26. taii-*a; + tan-»l:i? = tan->f^-t^y 



27. sin-*-^ + cot-»3 = ^. 
5 4 



28. tan-^a; + tan-'y + tan-^g = tan-' / «^ + y + ^"^«y i\ 

29. a^ = sin2y, when 



y = tan ^ ._. . , 



Solution of equations. 

196. This is best illustrated by actual examples. 

(i) Solve 

tan-i X + tan-i (1 — /c) = 2 tan-^ '^x — a?. 

From Art. 194 

1-^7(1 -a;) l-(^-.ar*)' 

1 ^'Jx-a^ 



l-x + af^ l-a7 + ^2> 
therefore either 

1 ^^ A • 1+V^ 

or 2 Va? — a;* = 1, i.6, iZ? = |^. 

J 1 1 + v^ 

-d.w5. ^ or ^ • 
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(ii) Solve 

From Art 191, 

sin-i 2a? = sin-^ {x V3 Vl-ar» + a? Vl - ac»}, 

therefore either ^ = 0, 

or 2 = V3Vl-ic» + Vl-3ic«, 

i.e. 4 + (l-3a^)-4Vl-3a^ = 3(l-^), 

.'. 4Vi-a»»=2, 

l-3^ = i, 
.*. ^ = i, .-. ^=±i. 
-4n5. ; + J. 



Solve 



EXAMPLES XTiTL 



IT 

1. tan"^ 2x + tan~* 3a; = -r • 

4 



1 ^ -il . , 1 

= tan *— + 



2. tan""^ T = tan"** — + tan~^ 



a— 1 X a' — a; + l* 

3. tan-i^^ + tan-i^^ = tan-i(-9). 

X— 1 a; ^ ' 

4. tan~* (ttx + 6) + tan~* (ax — 5) = j . 



. sm~^ a; + sin 9 = 7. 

6. cosec~*a5 = cosec"^a + cosec~^5. 

n -1 1 -1 ^ .-,!+« 

7. cos ^ . _ -cos ^ i— = sm ^:= 5. 
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o • -1 5 . - 12 TT 

8. fiin ^ - + sm * — = TT . 

X X 2 

9. Solve tan-»5^JL^^ = 30-. 

vl +x— mJI —X 

10. sin"^ X + sin""^ (1 — a;) = cob"* x, 

11. sin"*aj + £dn"* J = 8in"*|. 

•lo • -1 12 . -1 12 TT 

12. sm *Yo+sin ' — =7;. 

13 x 2 

13. tan-' (a? + 1) + tan"' (x - 1) =tan"* y\. 

14. cot-*aj-oot-*(aj + 2)=15'. 

15. sec"* — sec"' T= sec" '6 — sec"' a. 

a 

16. cot"' (x'-a) + cot"' (x-h) + cot"' («— c) =0. 

17. If tan-'a = coflec"'a = coe"'6, prove that one value of b 

. ^/5-l 

IS -^^—7; — • 



CHAPTER XIX. 



ELIMINATION. 



197. From certain equations it is frequently desirable 
to deduce others which shall not contain certain variables. 
This process is called Elimination and the result obtained 
the Eliminant. 

If the number of equations given is one greater than the 
number of variables, it is always possible to eliminate those 
variables. 

Each problem must be considered on its own merits. 



:. 1. Eliminate between 

a cos + b sin 6 = c, 
and a' cos ^ + 5' sin = c\ 

Solving for cos and sin 0, we obtain 

bc'-h'c 



cobO = 



hd - h'a 



'^> 



sm^ = 



hd^h'a 
.*. squaring and adding, 

or {ha' - h'af = {W - Vcf + (a'c - acy. 
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2. Eliminate 6 between 



A — . — -h — c^ — tr (i), 

and tan0 = c (ii). 

Fix>m(ii) ring co6g_ / 8in'g + co8«(? 

^ ' c 1 V c"+ 1 

1 

.'. substituting in (i) 

c ^ 

Ex. 3. Eliminate between 

sec^-l g 

8ec*0+l a ^^'* 

25 
and sec*<^ +008*^= — (ii). 

%/ 

From(ii) ^=^'^-*-^ 

^ ^ y 2sec*^ ' 

. ^ y'_^ (secV-l)»+4sec^^ 
** a^"*"5« (8ec*^+l)2 

(sec*<^ + iy 
(sec^i^+l)'" 

Ex. 4. Eliminate B and <^ between 

a;ccN3 ysind - 

-^+^ = ^ «. 

a?cos<^ ysin<^ 

-T-'*"-^-^^ H 

g-^=2a (iii). 

Solving for - and | from (i) and (ii) 

X y 

a ^ - 1 _ 1 

sing-sin</> oos^-cosg" sin(g-^)"' sin2a' 
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• f^\ /y Y _ (sjq - sin <^y + (oos <^ ~ cos Of 

\«/ \^/ "" sin' 2a 

_ 2 - 2 (sin ^ sin <^ + cos cos ^) 

" 8in^2a 

2 - 2 cos 2a 

sin^2a 

4 sin* a _ 1 

4 sin' a oos'o cos' a * 

XjX. 5. Eliminate and <^ between 

X cos tf + y sin tf = a; cos <^ + y sin ^ = 1, 

and acos0cos<^ + &sin0sin<^ + c +^(cos^ + cos^) 

+/(sin d + sin ^) + A sin (d + ^) = 0. 

From X cos 6 + y sin = 1, 

X cos <^ + y sin <^ = 1, 

we obtain <»« H^ + <^) ^ sin |(g + <^) ^ cos |(0 - <^) . 

« y 1 ^^' 

.'. Each fraction =:^ ^^ ""^^ andalso= , (ii). 

The third equation may be written 

a [cos (0 + ^) + cos (tf - ^)] + 6 [cos (0 -</>)- cos (0 + ^)] 
+ 2c+4^[co8j(0 + ^)cos|(tf-<^)] + 4/[sin|(d + <^)cosJ(0-<^)] 
+ 4AsinJ(tf + ^)cosJ(tf + <^) = (iii). 

From (i) and (ii), 

COS (0-^) = 2cosH(<?-<^)- 1=^-1=^^^. 
Therefore, substituting in (iii) 

a(l - j/*) + ft (1 -a") + c (a:?» + y») + 2^a; + ^y + 2Aa5y = 0. 
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EXAMPLES XLIIL 

Eliminate <^ between the equations : 

1. x = aco^Kf>, y = hsiDL^<l>, 

2. x = sin <^ - cosec <^, y = oos <^ - see ^. 
^ cos <!> __ sin ^ _^c cos ff>+b 

4. sin = a cos ^ + 6 sin ^, oos ^ = a sin <^ - 6 cos <^. 

5. a;=sin<^ + cos^ ^ = tan<^ + oot^ 

6. x = sin <^ + tan ^ ^ = sin ^ — tan ^. 

!• . /-3 5" sin'<A oos^Kh 1 

7. a?8in<^-ycos<^=Va;« + y», -^+-^=^-—5. 

8. a; = a cot' <^, ^ = 2a tan <^. 

9. -cos«^ + ?sin6 = l, — Bind> + j-co&d>=h 
a ^ ^ a 

10. x = S cos ^ + cos 3<^ ^ = 3 sin <f> - sin 3^ 

11. a; = a cos ^(4 cos' ^-3), y = 6sin<^(4cos'<^- 1). 

12. -oos<^ + ?sin6= 1, a;sin6-^cos^ 
a ^ 

= (a'sin«<^ + 6'co8'<^)*. 

Eliminate and ^ from: 

13. asin^-ftsin<^=0, ccos^ — c?cos<^ = 0, ^-2<^ = 0. 

14. tan ^ + tan <^ = a, cottf + cot^=6, ^ + <^ = a. 

15. tan^ + tan^ = a, cot ^ + cot ^ = 6, 6 — ^=^0, 

16. cos ^ + cos <^ = a, cot ^ + cot <^ = 6, cosec ^ + cosec ^ = c. 

17. sin a cos d = sin /8, sin a cos <^ = sin y, cos(^ — ^) 

= sin P sin y. 

B. 20 
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18. ^_^=««_6«= - _iy e-<i>=l 

COS0 sin& cos 9 sin^ 2 

19. sin^ + sin<^=a, cos tf + cos <^ = 6, tan^tan^ = c. 

Eliminate between: 

20. a sin + h tan = 7n, a cos ^ + 6 cot ^ = w. 

21. a;cos^ + ysin^ = acos2^, a; sin ^ — y cos ^ = 2a sin 2^. 

22. cosec - sin = m, sec ^ — cos 6 = n, 

23. a; cos (^ + a) + y sin(^ + a) = asin 26, 
y cos (^ + a) — 03 sin (^ + a) = 2a cos 2$, 

24. (a + 6)tan(^-«^) = (a-6)tan(^ + <^), 
a cos 2^ + 5 cos 2d = c. 

25. x=2a cos d + a cos 2d, 
y = 2a sin d — a sin 20. 



CHAPTER XX. 

INEQUALITIES AND LIMITS. 

Throughout this chapter 
6 == the Circular Measure of a positive Acute angle. 



198. To show taji$>$>Bin,0, 

Draw a circle radius r, centre 
O, and let 

AOP = 0. 

Draw PT a tangent and FN 
perpendicular to OA. 

Then from fig. 

A OPT > sector AOP > A AOP, 

.-. iOP.PT>j7^^ 

>iPN.OA, 

. * . ^r.r tan > Jr* ^ > J r si n ^ . r , 
i,e. tan ^ > ^ > sin ^, 




199. The limiting values of 

sintf J tantf 

when is indefinitely diminished, are each unity. 



20—2 
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By previous art. 

tan ^ > ^ > Bin ^ ; 

.*. SeC^>~; 71 >1. 

But in the limit when 6 is indefinitely diminished 

sec^ = l. 



hence 

and therefore 
again 



Lt-^=1, 
^=oSin^ 

T , sin ^ 
tan^>^>sin^; 

e 



1> 



tand 



>cos^. 



But in the limit when 6 is indefinitely diminished 

cos ^ = 1, 



hence 



and therefore 



e 



0.0 tan d 



«=0 



e 



The arc (if small) of a circle 
= — H — approx. 

where I = chord of half the arc, 

L = chord of whole arc. 
Suppose r = radius, angle subtended at 
centre by arc, 

o- . 8.2rsin-7 — 2rsin2r 
o6— L 4 z 




-5- ( 8 . J — ^ j when is small, 



rO = the arc. 
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200. Umits in sezageslmal measure. 

If od' = the sexagesimal measure of the angle Q radians, 



then 



and 



and 



Hence 



xir 



= ^, 



180 X 60 X 60 
sina? sin^ it 



X e '180x60x60* 

tan^ tand tt 



X 



e '180x60x60' 



Lt?^ = Lt*^^ 



TT 



aj=0 ^ 



X 180x60x60' 



201. To show 



4 



8in& = 2sin^eos^ 


= 2 tan ^ cos^ ^ 



= 2tan 







2(^-^^"^2) 



-^1-i(^^ 



Now by Art. 198, 




">! and — r— <1; 



e_ 

2 





2 



••• «i^^>^{i-|)>^-r. 
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again 



cos^=l-2sin3^ 

. 6 



202. To show 

(i) 



1 ^ 



Bisi0>0- 



6' 



(11) costf< 1-^ + 24, 

(iii) taiitf>tf + -^+ — . 

(i) Draw a circle radius r. 

Let a6 P = the angle ^, 

OBi bisect AOP, 

OBa bisect AOBi, 

etc. 
Area of sector 

AOP = AAOP + AAPBi 

+ 2 A AB1B2 + 2^ A ABaBs 
+ etc. to infinity. 

.-. ir2^=ir»sin^+|ABi«.sinPBiA 

+ 2 . i AB2^ sin AB2B1 + 2^ . J AB8^ sin ABaBa + 

ev . 




^r*sin^ + | (2rsin2;) .sin^ 



+ 2. JI2r.sin-) .sm ^ + 2^ J I 2rsinY^j -sm^ 



+ 



2» ^U l\ t 
• 2 \ 2V ' 2» 
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., ^<Bin^4.^(l+^ + i4. ) 

<sin^ + 



6 



g 
(ii) cos^=sl-2sin2^ 







2^24 1152* 
Hence cos^< 1— -5- + ^. 

Lemma (A) 1 — ^ + ^ is positive, 

and cos ^ is positive since ^ is a positive acute angle. 

.'. 1 — -^ + ^ is positive. 

Lemma (B) ^^ ""192^® positive. 



7^ ^ ^ (7 X 192 



144 192 192 



144 



-^1 



= 4.i.{37i-(2m. 
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Now (2^)»<7r» 

<16 
<S7i; 

76' e> . 

•'•lii" 192^^1^'*''^®- 

(ill) tan^= >, 

cos ^ 



i-2+2i 



7^ $» 



, ^ . g» . g' . 144 192 , ,. .. 
>c'+ 3 + 3""' s — 3;» by division 

^~ 2'''24 



203. To show that —^- continually decreases as 6 in- 
creases from to ^ . 

We have only to show 

sin^ sin {6 + «) 

'"e e+oL 

is positive when a is acute. 

T^ . (^ + a)siiid-^.sin(^ + a) 
iiixpression = ^^ — yrm ^ — ^ • 

_ ^Bin^(l — cosa) + (asin^ — ^cos^sina) 

a sin ^ — ^ cos ^ sin a 
= a positive quantity H ^-^^ r 
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taQ sin a 

== a positive quantity + x ^ i 

6 a cos 6 
= a positive quantity, 

, tan^ - J sin a - 

because — jr— > 1 and < 1. 

a 

-r • M tan . . 11 • 

In a similar way — -^ continually increases. 

204. Euler'f Theorem. 

. Bm0 

Lt cos ;r cos — cos TT. cost::: 18 



»=oo 



2 2^ 2» 2'* ' 



Sin u = 2 sm ^ cos ^ 

= 2" sin ^ cos 2i cos 2 

= 2» sm ^ cos gj cos ^ cos g , etc. 

sia^ 

••• 5"==^*^ 2^ ^^ 2»^i ^^^ 2» '^ 2' 

2" sin 2^ 

thus vhen n is indefinitely increased 

r. «n^ 

cos-:; cos ;kT. COS tt: COS-=-:=lit 



2 2" 2» 2" ,=«, . 

__sin^ 
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205. Ex.l. Findthevaluesofsin8'andcos8'[7r = 3-U159]. 

Stt -. 8 X 3-14159 , . 

® =180766 ^^^^^= -TSOVW (^PP^^> 

= •0023271 radians; 
therefore, since sin B—O-^-j (approx.), 

sin 8' = . 0023271-^:52?^ 

4 

= -0023271 - -000000002... 

= -0023271 (nearly). 

Also cos ^ = 1 — — (approx.) 

= 1 -^(•0023271)2 
= 1 - -0000027 
= -9999973. 

XiX. 2. If —^ = j^ find an approximate value for 6. 

6 ? 
sing 4 , »■ 

~~0 4' 

• 4 ~ 484 

or ^=Tk; 

3. Solve approximately sin ( « + ^ ) = *87. 

Expanding -^ cos tf + s sin tf = -87, 

and since 



d is a small angle, 



sin|=^ = -866, 

" 2 2 ^ 

tf = 1-74 -1-73205 
= -00795 radian. 
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4. Find the angle subtended by a kilometre-stone 
1 metre high at a place 1*5 kilometres off [^ = ^]* 
If $ is the number of radians in the angle 

.1 metre 

6 = tan 6 = .. ^ , ., 

1*0 kilom. 

~'XTjru fs^^^ians 
_ 180x7x60 ^ 126^ 
" 22x1500 " 55 
= 2'-29. 

EXAMPLES XLIV. 

1. Find the values of sin 5' and cos 5' [v = 3'14159]. 

2. If — Tf— = ^^r^ , find the value of 0, 

u d7o 

3. Find the values of sin 3' and cos 3' [ir = 3-U159]. 

4. Solve the equation sin (j + ^) = *71. 

5. Calculate the approximate value of Oy when cos B = ^Jf f . 

6. If sin d = \^^0, find the value of 0. 

7. Find the value of from the equation cos (^ — ^j = *51. 

8. Find $ when cos^ = ||f|. 

9. Solve the equation tan ( ^ + ^ j = 1 '73. 

10. If — ^ — = TWnii calculate the approximate value of 6, 

11. A post, 1 foot high, stands at the top of a tower of height 
150 feet; calculate (to y^ of a minute) the angle it subtends at 
a point on the ground 900 feet from the foot of the tower. 

12. Find the value of cos f ^ + ^ j , when 6 = -005 radian. 

13. An object, 880 metres off, subtends an angle of 51' at 
the obsei'ver's eye: find the length of the object. (7r = ^.) 
[Answer to 1 centimetre.] 

14. A cliff 180 metres high is surmounted by a flagstaff 
which subtends an angle of '035 radian at a point on the ground 
350 metres from the foot of the cliff. Find the height of the 
flagstaff to the nearest decimetre. 



CHAPTER XXL 

SUMMATION OF SERIES. 

206. To find the sum of the linei of a leriei 
of angles in A.P. 

Let sina-f siQ(a + i8) + sin(a + 2/8)+...... 

+ sin{a + (w-l)/8}==8; 

.'. 2Ssin^ = 2sinasin^ + 2sin(a + /8)sin^+ 



+ 2sin{a-f(n-l)/8}8inf. 



Now 2sinasin 2 = cosfa— ^j— cosfa+ ^j 

2sm(a-f )8)sin^ = cosfa + ~J — cosfa+ -^j 
2sm(a + 2)8)sm| = cos^a+^-oos(a+^ 

2siii{a+(«-l)/Sl8in^ = cosfa+ — ^ — ^ j 



- COS (a + -^j— fij; 
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therefore, by addition 

oo • )8 f ^ f , 2/1-1 ^\ 
2Ssm^ = cos(a— ^j — cosJaH ^ — p j 

= 28m ( a + — 2~ P ) ^^ ~^ " 



2 ' 



. / n — l ^\ . 71/3 
sm fa + —^ fi JBin-^ 



smg 



207. To find the sum of the cosines of a series 
of angles in A.P. 

Let cosa4-cos(a + i8) + cos(a + 2/8)+ 

The value of this series may either be deduced from the 
last by putting a = -5 + a, whence we obtain 

/ »-l »\ . n/3 
cos la H — 5— /» 1 sin -5- 



C = 



sin| 



or may be worked out independently. 

2C sin ^ = 2co8asin^ + 2 cos (a + )8) sin ^ + 



+ 2cos{a + (n-l)/3}sin|. 



Now 2cosasin^ = 8in (a+ ^j — sin f a— ^) 

2 cos(a -f /8)sin^ = sin (a + -^j - sin fa + ^j 
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2 COS (a + 2/3) sin I = Bin (a + ^-sin (a+ ^) 

2cos{a + (n-l)/3}sin| = sin(a+?^?^/s) 

-sin^a+ —2 — ^)> 
therefore, by addition 

2Csin| = sm(a + ^;8)-sin(a-|) 
= 2 COS ^^« + -g- /9 j Sin -|^ ; 



/ , »— 1 oA • «j8 
co8(«H- — ^jsmf 



sin^ 



208. It should be observed that 

a+^i8 = i[a+{a + («-l)/3}] 

= J (sum of first and last angle), 

and that the two results only differ in the first term of the 
numerator. 



209. sm -5^ =0, when -^ = kir or 8 = , 

k being an integer ; and in this case both S and C vanish. 

Thus the sum of the sines or cosines of n angles in A.P. 
vanishes when the common diflference of the angle, 0, is a 

multiple of — . 
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210. If in the sine-series, we change ^ into^ + 7r, 
we obtain 

sina — sin(a + /8)H-sin(a + 2/8)— tow terms 



sin <a H 2~ (P + t) • em — ^ ~ 



cos 2 
and in the cosine-series 

C08« — cos(a + ^)-Hcos(a-|-2/3)— ton terms 

cos |a + ^-03 + w)J sin -^ — i 
= ^ . 

cos -2 

211. Ex. 1. Find the value of sin A + sin 3A + sin 5A + 
to n terms. 

By Art 206, 

8intA+ g^ zAJsinw-^ 
Series = ■ 



. 2A 
sm-^ 

it 



sin'nA 
sin A 



__-^_. -., - - w Sir ISw 

EsX. 2. Fmd the value of cos y= + cos y= + . . . + cos -^ , 

By Art. 207, 



Series = 



"^Ht7^2'I7J^"^17 

TT 

Stt . Stt . IGtt 

COS ■=-= sm v=- , sin 



17 17 1 17 1 



. TT 2 . w 2* 

sin Y^ sin jy 
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212. Several other series can be summed by decom- 
posing each term into the difference of two others. 

Ex. 3. Find the value of 
sin a COS 5a + sin 3a cos 7a + sin 5a cos 9a + ... to n terms. 

2S = (sin 6a — sin 4a) + (sin 10a — sin 4a) + (sin 14a — sin 4a) + . . . 

= (sin 6a + sin 10a + sin 14a + . . .) 

— (sin 4a + sin 4a + sin 4a + . . .) 

sin (2na + 4a) sin 2na , . 

= ^ :—^ nsm 4a. 

smza 

Ex. 4. Find the value of 

1 1 1 



* T* • • •• 



sin a sin 3a sin 3a sin 5a sin 5a sin 7a 

„. sin 2a sin (3a - a) 

Since ; — ^ = - — ^^ — ; — s-^ = cot a — cot 3a 

sin a sm oa sm a sin oa 

sin 2a sin (5a — 3a) ^ „ ^ ^ 

-:— o — :— K-=-=— ^ — = — ^ = cot3a-cot5a 
sin 3a sm 5a sin oa sin Da 



sin 2a _ sin (2n + 1 a — 2n— 1 a) 

sin(2n— l)asin(2n+ l)a sin(2n— l)asin(2n+ l)a 

= cot(2n— l)a— cot(2n + l)a; 
therefore, adding 

sin 2a . 8 = cot a — cot {2n + 1) a 

cot a — cot (2n + 1) a 

or S = : — fZ . 

sin2a 
Ex. 5. Find the value of 

cosec a + cosec 2a + cosec 4a + . .. to ri terms. 

Since cosec a = cot ^ — cot a 

cosec 2a = cot a — cot 2a 



cosec 2na = cot wa — cot 2na ; 



a 



therefore, adding 8=»cot;r — cot2na. 
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6. Find the value of 

1 u 1 a 

tana+ ^tan^+ -^ta,i\^+ ...to ntexms, 

tan a = cot a ~ 2 cot 2a 

1 a 1 a 
2**^2 "2^* 2"^^^'* 

1. a 1 , a la 



1, a 1 .a 1 ^a 

tan -;r=-z — ;rr-T OOt 7^-— r — ;r--r COt 



2»-i »-~* 2»-i 2*-^ 2"-* 2"-* 2*-* ' 
therefore, adding 8 = sii^ ^^* 9»=i "" ^ ^^* ^^ 

Series involving the sauares and cubes of sines and 
cosines may be evaluated oy transforming them into new 
series containing multiple angles. 

Ex. 7. Find the value of 

cos' a + cos? (a + )8) + cos' (a + 2)8) + . . . to n termA. 

Since 2 cos' a = 1 + cos 2a, 

.-. 28 = {l+cos2a} + {l+cos2(a + )8)} + {l+oos2(a + 2j8)}+... 

= n + cos 2a + cos (2a + 2j3) + cos (2a + 4)8) + . . . 

cos {2a + {n — 1) p>} sin nP 
sinp 

Ex. 8. Find the value of 

sin'a + sin' 3a + sin' 5a+ ... to r* terms. 

Since 4 sin' a = 3 sin a - sin 3a, 

/. 4S = (3 sin a — sin 3a) + (3 sin 3a — sin 9a) 

+ (3 sin 5a - sin 15a) + ... 

= 3 (sin a + sin 3a + sin 5a + . . .) 

— (sin 3a + sin 9a + sin 15a + . . .) 

_ 3 sin' na sin' 3wa 
~" sin a sin 3a 

B. 21 
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EXAMPLES XLV. 

Sum the following series to n terms : 

1. sin2A+ sin 5A + sin8A+ .... 

2. cosA + cos3A + cos 5A + .... 

A 4A 7A 

3. cos^ + cos-H- + cos-^+ .... 

4. cps^ + cosf ^ + -j + co8 r^ + ] + .... 

K • • / 27r\ . / 47r\ 

5. sma + sin(a + — ) + sm(a + — ) + .... 

z» .A . ^ . 3A 

6. sin jT + sin A + sm-^+ .... 

Find the sum of : 

^ . TT . Sir . Stt . IOtt 

7. sin^ + sm^ + sin^+ ... +sin-^^. 

rt TT Stt Sir 21ir 

8. cos gg + cos 23 + cos 23 + ... +COS-23- . 

^ . IT . 37r . Stt . , 

9. sin TT =• + sm ^ = + sm ^ ^ + . .. to w terms. 

2n — l 2«— 1 2n— 1 

Find the sum to n terms of : 

10. sina — sin2a + sin3a— .... 

11. cos2a — eos4a + cos6a— .... 

12. sin 2a — sin f 2a + - J + sinf 2a + — ) — .... 

13. cos3a— cos(3a — |+cos(3a )-.... 

\ n/ \ n/ 

14. sin a sin 3a + sin 3a sin 5a + sin 5a sin 7a + . . .. 

15. cos a cos 3a + cos 3a cos 5a + cos 5a cos 7a + .... 

16. sin cos 4^ + sin SO cos 60 + sin bO cos 8^ + .... 

cos a cos 3a cos 3a cos 5a cos 5a cos 7a 
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18 1 , 1 , 1 , 

sin a sin 4a sin 4a sin 7a sin 7a sin 10a 

19. sec 2a sec 4a + sec 4a sec 6a + sec 6a sec 8a + .... 

20. cosec 2a cosec 3a + cosec 3a cosec 4a + cosec 4a cosec 5a + . . .. 

21. sin^a + sin^ (a + )8) + sin^ (a + 2j3) + .... 

22. cos^ 2a + cos* 3a + cos* 4a + .. . .. 

23. sin*a + sin* ( a + -] + sin*(a + — ) + ... 

24. co8'a + cos'(a+)8) + cos*(a + 2/3)+ .... 

25. sin'^ a + sin'^ 2a + sin' 3a + . . .. 

26. sin* a + sin* 2a + sin* 3a + . . .. 

27. cos*a + cos*3a + cos*5a+ .... 



Eind the sum to n terms of : 

rto • . n-4 . n-6 

28. sin a + sin pra + sin jra+.... 

n-2 w— 2 

OQ 1 1 1 

cos^ + cos3^ cos ^4- cos 5^ cos^ + cos7tf 

30. sina — sin2a + sin3a-sin 4a+ .... 

31. cos a cos 2a cos 3a + cos 2a cos 3a cos 4a + . . .. 

Prove that : 

„ . sin a + sin 2a + sin 3a + .. . + sinna , n+l 

34. s =tan— jr— a. 

cos tt 4- cos 2a + cos oa + . . . + cos na 2 

35. If Ai, A3...A2»+i are the angular points of a regular 
polygon inscribed in a circle and O a point on the arc between 
Ai and A^+i; prove that 

OAi + OAg + . . . + OAg^+i = OAg + OA4 + . . . + OA2„. 

36. From any point on the circumference of a circle of radius 
r, chords are drawn to the angular points of the regular inscribed 
polygon of n sides. Show that the sum of the squares of the 
chords is 2/ir*. 

21—2 
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213. It is proved in Algebra that 

^+^ + ^+(3 + 

is a one-valued, continuous, convergent series for all real 
values of ^; we shall denote it by E(a7). 

214. To prove 

E(x)xE(y) = E(x + y). 

The general term of 

E(^)xE(y) 

__flf oT-^ y x^^-^ y^ y^ 



ir r(r-l) 1 

= A of + raf-^y + -^ 'ar^f+ + yH 

(a? + yY 

= 5—^ — asBnming the Binomial Theorem for a positive integral index 

Ir 

= general term of E (^ + y); 

.-. E(^)xE(y)=E(a: + y). 
Similarly 

E(ar)x E(y)x E(^) = E(a? + y + ^+ ). 
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315. To prove {£(!)}*= E(x). 

Ist when a; is a positive integer. 
By Art. 214 

E(l)x E(l)x to a; factors 

= E(1 + 1+1 + to (c terms) 

= E (x); 
.•.{£(!)}« = E (a;). 

2nd when x is a positive fraction = 7 . 

By Art. 214 

^©r=^(s+i+ *o**H 

= E (A) = {£(!)}»; 

.•.e(|) = {e(1)P; 

.-. E(^) = {£(!)}«. 
Zrd when x is negative = — h. 
Then by Art. 214 

E(-A)xE(A) = E(0) = l; 

.-. E(-A) = ^^; 

= {E(1)}«. 

316. E(l)Hl+|^+| + | + 

is generally denoted by e. 

Thus e^ = {E(l)}« = E(a.)=l + ^ + |'+.| + 



•••••• 



This is called the Exponential Theorem and it has been 
proved for any real commensurable exponent. 
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217. To prove that e is incommensurable. 

m 
Suppose it is commensurable and equal to — , m and n 

being integers, then 

m_ 111 1. 1 . 

multiplying by \n 

~ 11 

mln — 1 = a whole number H + ; -r-? — tit; + 

' n + 1 (n + l)(n + 2) 

^ _1_ ___1 

n+l'^(n + l)(n + 2)"^ 

1 1 1_ 

^n+i'^in+'iy'^in + iy'^ 

1 

n + 1 

n+l 
1 

n 

.*. :j+7 :rr7 — 7^\ + :3^ a whole number, 

n + 1 (7i + l)(n + 2) ^ 

thus m\n — l=B, whole number + a fraction, which is im- 
possible. 

.•. e is incommensurable. 

218. Logarithmic series. 

log«a" nlogta 

a^ = e =e 

= l+(nlog,a) + ^— t|--^ + ^ ||' - + 

Let a = 1 + a?, a? being a proper fraction, positive or 
negative, then 

(l+.)»=H-«log.(l+.) + i!^l^Sl^^V ; 

If 
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,. l + ruc + 'lL'!^^.^^^^^ 






Both series are convergent and therefore we may equate 
the coeflBcients of n ; 

.-. loge(H-x) = x-|+-- 

Changing w into — x, we have 

log,(l-x) = -x-|'-|- 



These series are convergent when x is limited as above ; 
• '• ^^^'' T^x " ^^' (1 + ^) - logo (1 - ^) 



= 2(«.+ 3+-+ ). 



219. Calculation of Logarithms. 

In the above series put — = -— , then 






m — nl /vi — nY 1 /m — nX" 



Put 



[m + n 
ni = 2, w = 1. 



1 /m — ?A 
3\m + w/ 



+ T 



\m + n, 



T- } 



log,2 = 2{| + |.3\ + y,+ J 



= 2^ 



' -333333333 

•012345679 

823045 

65324 

5643 

513 

48 



•3465736 
?= •^93147 (correct to six places). 
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Also, by putting m = 3, n = 2, 

= -405465 ; 

.•. loga 3 = 1-09861 (correct to three places), 
and so on. 

12120. To find the limiting values of 

sm- 



a 

when n is indefi/nitely inareased. 

Let X = fcos - j = [ 1 — sin^ - j 

then loga^ = ^ log« f 1 -sin^ - j 

= --(sin2- + - sm* -+ ) 

2\ 71 2 n J 



n 
2 



= -^ sm -(sin- + 5Sin»-+ ); 

2 n\ n 2 n /' 



now 



n . a a 



and Lt (sin- + -sin» - + ^ = 0. 

«=oo \ n z n J 

Therefore in the limit log^ a; = 0, therefore a? = 1 ; 
.-. Lt (cos- ) = 1. 



a . a 

sin - sm - 



Now 1 > —JL > ^ /or cos ^) (Art 198) ; 



tan- 
n n 
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sm- 



.'. Lt I I lies between 1** (or 1) and Lt (cos-) ; 



n 




Prove that : 



EXAMPLES XLVL 



1 2 4 6 
2 4 6 

1 + — I- — I- 

. 6+1 "^13^15 + - 

o. 



«-i 2 J. 2 

2' 3' 4' 

7. Lt /^1+-V = /. 

1 



Lt fl+-V=r 



1- 



8. From identity x = -^— — 

1- ^ 



a+l 



prove lo&a,=i_| + 2^i+3$7^+.-. 
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9. From identity f^^ -^±2^, 

prove that log.^= ^+ g(^ + g^^) + ... 

10. Prove that 

and deduce that 

log, 13 = 2 log, 2 + log, 3 + -0800427.... 

11. log, oosec 0=\ QOB^ ^ + J cos* + \ cos* 0+ ,.., 

12. log, cosec = ^ cot'^ - J cot* ^ + J cot«^ - .... 

sinr^ + jj 

13. ^log, ^ ^ = cot^ + Jcot'^ + ^cot«^+.... 

siu((9-j) 

14. sin^ + ^sin^^ + ^sin'*^+ .., 

= 2(tan| + ltan»| + ltan»|+...), 
where ^ > < ^ : 

- . ^ / 1 + tan ^ 
1 + sin ^ / 2 

l^lSe : ;r=r I 

l-^"^rll-tau| 

1 5. log, sin 2 ^ - log, tan ^ = cas 2 ^ - j^ cos^ 2 i? + J cos* 3^ - 

16. If a = -9999999999 and e = 2-71828, 
prove that a + |a* + \a* + ...= 23*02 approx. 
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17. Prove that the coefficient of x^ in the expansion of 

loge (1 + » + a^ + ... a"*-^) 

. .., m-l 1 

IS either or — , 

n n 

according as ti is, or is not, a multiple of m, 

18. Prove that the limit of (cos — ) when x is an integer and 

n indefinitely increased is 

when a; :> 2, 

1 „ aj<2. 



CHAPTER XXIIL 



DE MOIVRE'S THEOREM. 



221. In this chapter i stands for V— 1. 
Thus i* = — 1 ; i« = — i ; i* = 1 ; etc. 

when a + ib = a' + iV, 

a, 6, c^\ y being real ; it is assumed 

a=^al \ b^b\ 
Such an expression as a + ib is called a complex quantity. 

222. De Moivre's theorem. To show that 
(cos + i sin 0)^ = cos nO + i sin nO, when n is integral, 

and that one of the values of 
(cos + i sin 0)^ is (cos n0 + i sin n0), when n is fractional. 

(i) TTAen n is a positive integer. 
By actual multiplication 
(cos a+i sin a) (cos )8 + i sin fi) 

= cos a cos /8 — sin a sin jS + i (cos a sin /8 + sin a cos ^) 

=» cos (a + j8) + i sin (a + /8); 
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/. (cos a + i sin a) (cos ^ + i sin fi) (cos 7 + i sin 7) 

= {cos {a + fi) + i sin (a + )8)} (cos 7 + 1 sin 7) 

= cos (a + yS + 7) + i sin (a + iS + 7) 
and so on. 

Putting a = )8 = 7= = 0, 

and supposing there are n letters 'a, )8, 7 we have 

(cos tf + i sin tf)^ = cosntf + i sinnO. 

Thus the theorem is established for a positive integer. 

(ii) When n is a negative integer = — m suppose 

1 
(cos + isin 0y^ = (cos 0-{-i sin 0)-^ = 



(cos 0-\-i sin ^)"» 

1 _ cos m^ — i sin m^ 

"" cos m0 + i sin w^ cos^ ra0 + sin* m5 

= cos (— m) ^ + i sin (— m) ^ 

= cos w^ + i sin w^. 

Thus the theorem is established for any integer. 

(iii) When n is any fraction = t suppose. A, h being 



integers. 



.. / . 0Y 
"By (i) and (ii) (cosT + isinTJ = cos ^ + i sin ^ when kia 

integral ; 

.'. [ cos T 4- isin T ) is one of the values of (cos + i sin 0)1 ; 

( . . 0\^ . . h 

.'. (cosT + isinTj » „ „ (cos^ + isin^)*; 

i.e. by (i) and (ii), 

h h ^ 

cosr^ + isinr^ „ „ „ (cos^ + isin^A; 

i,e. cos ri^ + i sin n0 „ „ „ (cos + i sin ^)»*. 

Thus the theorem is established for any commensurable 
number. ^ 
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223. We have just shown that 

h , . h , . . * 

cos tO -\-i sin t ^ is one of the values of (cos + % sin Oyc ; 

we now find the others. 

h 1 

Since (cos ■\-i sin Oy = (cos h0 + i sin A^)*', 

it follows that we have merely to find the other values of 

1 
(cos h0 + i sin A^)*. 

Putting h0 + 2m7r for A5, where m = a positive integer, 
we have 

(h0 2mir\ . . (hJ0 2mnr\ 

= one of the values of 
{cos {h0 + 2m7r) + i sin Qh0 + 2m7r)}^ 

= one of the values of 

1 

(cos h0 + i sin A^)* . 
Hence by putting 

m = 0,l,2,3, ,(&-!), 

we obtain k values of 

1 

(cos h0 + i sin hff^ 

and these values are all different; for suppose any two are 
equal, 

(h0 2r7r\ ... (h0 ^ 2r7r\ 

/A^ , 257r\ ... (h0 ^ 257r\ 

Then equating the real and imaginary parts 

(h0 . 2r7r\ (}i0 2s7r\ 

, . /A^ . 2r7r\ • /A6^ 257r\ 
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2'jr 
i,e. "IT (^ *" *) ~ * multiple of 27r, 

which is impossible when both r and 8 are limited to 

0,1,2,3, ,(A?-1). 

Thus we have found k diflferent values of 

1 
(cos Ad + i sin hffy^y 

h 
i.e, of (cos + i sin 0)^ , 

and by the Theory of Equations ^ = c has only k roots, 
i.e. no fc*^ root of a quantity can have more than k values. 

224. Ex. 1. To extract the nth root of a + 15. 
1st, put a + 16 in the fomi r (cos $ + i sin 0), 
Thus let r cos = a, r sin ^ = 6 ; 

so that f^ = a^ + h% tan ^ = - ; 

a 

11 i_ 

(a + i6)^ = r^ (cos ^ + t sin ^)'* 



or 



or 



= r* I cos — + 1 sin - ) , 
\ w n/ 

J/ O + ^ir . . tf + 27r\ 

r* ( cos + 1 sin i , 

\ n n / 

i/ ^ + 47r . . e + ^fr\ 

r^ I cos + ^ sin ) , 

V n n / 



1 
or r 



« (e'\-2n-27r . . ^ + 2w-27r) 

cos K h ^ sin }■ , 

\ n n } 

and by substituting for r and ^ we thus have the 71, wth roots of 

a + 
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2. Extract tlie cube roots of unity. 

Here a=l; 6 = 0; r=l; ^ = 0. 

Hence the roots are 

cosO + isinO; i,e, 1. 

27r . . 27r . -l + ijS 
cos -Q- + i sin -K- ; I.e. n- • 

4w . . 47r . — 1 — ♦ ^3 
cos -Q- + 1 sin -^ ; %.e. 9"^ • 

1 1 

!EiX. 3. If aj + - = 2cosA, provethatic* + ^r = 2oosnA. 

Since a;+- = 2cosA; 

X 

:. ar»-2a:cosA+ 1 =0. 

Solving this quadratic in x, 

X = cos A±i sin A, 
Taking the positive sign 

of = (cos A + i sin A)" = cos nA + i sin tiA, 

a;~** = (cosA + i8in A)~** = cos7iA — isinwA, 

/. aJ* + x'^ = 2 COS nA. 

Similarly for the negative sign. 

4- Find the value of 

(ws3?^=7sm3^)»* 

Exp". = ) ^ — . . ^v\ = (cos ^ + 1 sm tf y* - 

^ (cos^ + ^Sln^)-• ^ ' 

= cos 19tf + i sin 19^. 
[. 5. If 

cos a + cos /8 + cos y = sin a + sin /3 + sin y = 0, 
prove that 

cos 4:a + cos 4/8 + cos 4y 

= 2 {cos 2 ()S + y) + cos 2 (y + a) + cos 2 (a + /8)}. 
Let 

cos a + ♦ sin a = a, cos /8 + i sin )8 = 6, cos y + i sin y = c. 

Then a + 6 + c = 0. 



I 
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Now 

= (a + b + c)(a — b—c)(a—b + c){a+b — c) = 0, 

.'. 2 (cos a + i sin a)* — 2S (cos p + i sin )S)^ (cos y + i sin y)^ = 0, 
2 (cos 4a + 1 sin 4a) - 2S (cos 2^ + 1 sin 2^) (cos 2y + 1 sin 2y) = 0, 
S (cos 4a + * sin 4a) - 2S {cos 2 (/3 + y) + i sin 2 ()3 + y)} = 0. 

Bqnating real parts, 

Scos4a = 2Scos2(^ + y). 



225. Geometrical representation of complex 
quantities. 

The position of a point P relative to O is defined by the 
direction and length of the line OP. 



OP here indicates not merely a line 
but the operation of moving a point 
from O to P in the direction of the line 
OP. 



OP is called a Geometrical Vector. ,^^^^ 

A complex quantity may be repre- 
sented by a geometrical vector. 

The length of OP(r) is called the Modulus, 

The angle (0) between OP and a standard direction OX is 
called the Amplitude, 

OX is called the Primary axis. 

The complex quantity is written (r, 0). 

Since we have no conception of absolute position the 
vector or complex quantity 

aF=op; 

■when O'P' is geometrically parallel to OP and equal to 
it in length, i,e, when OP and O'P' are the opposite sides of 
a parallelogram. 

33. 22 
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226. The addition of vectors or complex quan- 
tities. 

Let OA and OB be two vectors, 
complete the parallelogram OACB. 
Then by Art. 225 

OA + OB = OA + AC 

= the carrying of a trac- 
iug point from O to q 
A and then to C 




also 



= OC; 



OB + OA = OB + BC 
= 00, 



.-. OA + OB = OB + OA. 

Thus vectors or complex quantities when added obey the 
Commutative Law and the sum of any two is represented by 
the diagonal of a parallelogram having the two as adjacent 
sides. 

A A 

By making AOX = BOX = nir (n being any integer) AG 
and BO become coUinear and we obtain the sum of two 
numbers as arithmetically defined. 

227. The multiplication of vectors or compleK 
quantities. 

To multiply a by b, we do to a what must be done 
to unity to obtain b. 

Let (rj, 0i), (r^y 6^ be two com- 
plex quantities. 

To obtain (rg, 6^ from unity we 
multiply the unit by r^ and revolve 
the resulting length through the 
angle 0^. [See triangle AOP3.] 

Hence to multiply (ri, ^1) by 
(rg, ^2), multiply r^ by r^ and thus 
Dbtain r^r^ for new modulus and O A 

then rotate this length from the position Ox through an angle 
^2. [See triangle PiOPi,2.] The triangles AOP2 and PiOPi,, 
are seen to be similar ; 

thus (ri, Ox) X (ra, O^) = (nrg, 0^ + 0^). 
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Again Vir^ = r^Vx 

and ^i + ^a = ^2 + ^i; 

.'. (r-ir-a, 01 + 0^ = {r^r^, 0^ + ^i), 

Thus complex quantities when multiplied obey the Com- 
mutative Law. 

228. By Art. 227 

{r. 0Y = {r\ 20), 
.'. one of the values of [r^, 20]^ is (r, 0), 

.', one of the values of (1, tt)* is [1, -^1 , 

But (1, tt) is what is usually called — 1. 

* ' V ' 2/ ^® what is usually called V— 1 or i. 

Thus if OY is perpendicular to 
OX, unit length along OY repre- 
sents i. 

,'. alepgthrsin^alongOYre- 
presents i . r sin 0. 

Thus 

f r sin 0, -^ j =t .rsin^, 

(rcos^, O) = rcos^. 
But by Art. 226 




rcosB 



(r COS 0, 0)+ (rsin ^, |) = (r, ^), 



.*. r(cos^ + isin^)=:(?% ^). 

Thus the figure in Art. 227 is the geometrical repre- 
sentation of the identity 

Vi (cos ^1 + i sin ^1) x r^ (cos 0^ + i sin ^a) 

= nra {cos (^; + 0^ + { sin (^1 + ^2)}. 

22—2 
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229. If in Art 228 and Fig. Art. 227 we put r^ and r^ 
both equal to unity, we have a geometrical representation of 

(cos 01 + i sin 0^) x (cos 0^ 4- i sin ^2) 

= cos (^1 + 0^) + i sin (0^ + ^2), 




and we see that to multiply one complex quantity by any 
other, the modulus being unity in both cases, we have merely 
to rotate the line representing (1, 0) through an angle equal 
to the sum of the amplitudes of the two quantities ; and thus 
in general, to multiply together any number of complex 
quantities which have a common modulus unity, we have 
merely to rotate the line (1, 0) through an angle equal 
to the sum of the amplitudes of the quantities. And if all 
the amplitudes are equal we have a geometrical repre- 
sentation of 

(cos + i sin 0y* = cos n0 + i sin n0, 

i.e. of De Moivre's theorem for a positive index. We thus see 

also that one of the values of 

1 

(cos n0 + i sin n0)^ 
is obtained by rotating the line (1, 0) through an angle - th 
of the amplitude of the line whose nth root is indicated. 

We can now show how to geometrically represent the 

other values of 

1 

(cos <f) + i sin (f))^ . 
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We will do so for the case 

(cos <l> + i sin <j>)^ 

the method being perfectly general. 

Let a line OP starting from OX, revolve positively, 
time it passes OA it represents 

(cos^ + isin^). 



Every 




Let OR revolve ^ as fast, then from the above the 
position of OR at the instant OP passes OA will indicate 
one value of 

(cos^ + isin^)^. 
(i) When OP is at OA the 1st time, OR is at ORi, 

XORi = ^, and (cos^ + isin^)» =cos^ + isin^; 

(ii) when OP is at OA the 2nd time, OR is at OR2, 

XOR, = ?^,and 
5 

2ir + 6 , . . 2'7r + 6\i 

L _1_ o air\ £_ 1 • 



(cos^ + tsin^)^= (« 



cos — ^— ^ +tsm ^ 
5 



0'' 



(iii) when OP is at OA the 3rd time, OR is at OR3, 



XOR3 = 



, and 



(cos <l) + i sin <f>y = f cos 



4!7r + <t> ... 47r + ^V . 



^ +% sm ^ 
o 5 



)^ 
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(iv) when OP is at OA the 4th time, OR is at OR4, 

XOR, = ^^ , and 
5 

/ ^ . • • j.\i ( Btt + 6 . . . Gtt + <^\^ 
(cos ^ + 1 sm<^)^ = ( cos ^-^ + isin — k~^) > 

(v) when OP is at OA the 5th time, OR is at ORg, 

XOR« = ?^,and 
5 

/ _L . • • j.\\ ( Stt + S , . 87r + <^\ 
(cos q> + i sm 9)* = ( cos — ^— ^ + % sm — =— ^ 1 ; 

when OP is at O A the 6th time, OR is at ORi, the 2nd 

time; 

when OP is at OA the 7th time, OR is at OR2, the 2nd 
time; 

and so on. 

Thus geometrically we get 5 and only 6 diflferent values for 

(cos <l} + i sin <^)^ , 



EXAMPLES XLVII. 
Express the following in the form r (cos -^i sin 0) : 

1. 1 + >P3. 2. - 1 + V^. 

3. 1-713. 4. 4 + t.3. 

5. 3+i.l7. 
Find the values of 

9. Simplify (oosOUslnOy 



10. 



(cos^ + isin^)** 

(cosd-isin^)^ 
(cos^ + isin^/* 
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.- (cos 2^ + i sin 2^)- ' (cos 30 -i sin 3^)"* 
• (cos 4^ - i sinTig)"" (cos 5^ + ^ sin 5^)-« * 

(cos SO - 1 sin 3^)^ (cos 4^ + 1 sin 4^)' 
(cos 5^ + 1 sin 60y (cos 6^ - i sin QOy ' 

13. Prove 

sinm^ = sec«^{mtan<?- ^^^-'^>^^-^^> tan»^+...} 

when tan ^ < 1. 

cos mO — i sin w^ = (cos 6 + 1 sin ^) "**. 

Expand by the Binomial Theorem and equate real and imaginary 
parts. 

14, Show that 

(TT . . ^\ / 37r . . SttN / Stt . . SttX 



/ Hit , . llx\ 



/ 15ff . . 15jr\ / 25x . . 25x\ 
(^006 -j-3 + . sm -^-3- j ; . . . ^cos -^ + 1 sm -j^ j 

are the roots of 

Hence or otherwise show that 

IT StT IItT 1 

15. From the identity 

1 1 1 

[x^- x^) {x^- x^ («j - ^3) (aa - iCa) («a - ajg) («i " ^s) ' 

prove that 

sin (^a + ^g) cos (2^i + ^j + ^3) 

= sin {0^ - ^j) cos (^1 + 2^3 + ^3) - sin {0^ - ^2) cos {0^ ■{■0^ + 2^,), 

where a?i = cos 0^-v i sin ^1 ; x^ = etc. 
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16. From the identity 

1x2 - x^) (x^ - 0:4) («s - 3^4) (Xs - x^ (054 - x^) (034 - x^ ' 

deduce that 

sin (^1 - ^3) sin ((9i - ^4) ^ 

sin(^,-.^3)sin(^,-^4) ^ ^"" ^^ 

^ «4^J4^!l^l^^^J sin 2 (^, -^3) 
sin (^3 -^4) sin (^3 -^2) 

Sin (^4 — ^2) Sin (^4 — ^3) ^ ^ 

where aji = cos 61 + i sin ^^ ; iCg = etc. 

17. Prove that 

27r 4w Stt 1 

cos -=- + cos -=- + cos — = — -, 

. 27r . 47r . Stt 1 ,w 
sin y + sm y + sm y = ^ V ' • 

18. Prove that the continued product of the 4 values of 

(IT . . 7r\5 . 
cos^ + ism^j IS— 1. 



CHAPTER XXIV. 

EXPANSIONS FOR SINE AND COSINE OF AN ANGLE IN 
POWERS OF THE CIRCULAR MEASURE OF THE ANGLE. 

230. By De Moivre's Theorem 
cos nd + i sin nO = (cos 6 + % sin 0Y 

= cos** + ni cos**~^ sin 

\a — cos**-^ sm^ 0^1 -^ r^ — : — ^ COS**-' sm' 

[2 |d 

+ ; 

.*. equating real and imaginary parts 

cosn^ = cos**^-^?^^^^^cos~-^^sin«^+ (i), 

and sin n0=n cos»*-^ ^ sin ^ — ^ \i cos**-' sin» ^ 

12 

+ 

Put n0 = a and therefore w == -^ . 

Series (i) becomes 

cos a = cos** ^5 cos**-" sin"^ + 

If 

«/i a(a — ^) ^ ,^/sin^" . ...v 

= cos**^ 5^12 — ^ cos**-2 ^ f -^ J + (u). 
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(r + If^ term 
•'• r^^term 



|2r-2 "^ V ^ ; 



_ (a-2r-2g)(a-2r-lg) /tan gy 
2r(2r-l) \ ) ' 

If now ^ becomes indefinitely small and consequently 
n indefinitely great, a being constant, 

T i. (^ + 1)*^ term a' . t i. /tan ^\» - 

lit — Ty— = >v /a HTv , Since Lit ( — -^ — ) = 1, 

n=oo r^*^term 2r(2r-l)' b~o\ J 



and this limit may be made < 1 by taking r great enough. 

Thus series (ii) is convergent since the terms are alter- 
nately positive and negative and, after a certain term, each 
term is greater than the succeeding ; moreover 

Lt r-^ term = Lt «(«.- ^)(«-y ■..■^^. (a-l^^Sg) 
«=o 9=0 \2r-2 

^_^. . , a /sin ^\»-^ 



a^» 



2r--2 



(Art. 220), 



it therefore follows that 



cosa<l-,-^+,-T- +nr 

|2 [4 [42 

^ |2"^14 [42;::^' 

or oosa = l —{-Q+rr — — -j a + ^rr > 



,_ • 



(2 '[4 1 4?- 2 ' [42^ 

where e is a proper friction. 
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If now q becomes indefinitely great, the series becomes 
an infinite one and since Lt ,--—=0* 

a? a* 

COSa= 1 -iH^ + rr — 00. 

)2 |4 



In a similar way it may be proved that 

a? of 

sina = a — ,-^ + ,-^ — oo. 

231. It is obvious that each of these series is con- 
vergent for the terms are alternately positive and negative, 
and taking the expansion of cos a for example, the ratio of 

the (r + Vf^ term to the r^^ is k—jr t\ which may be made 

^ ^ 2r(2r — 1) ^ 

as small as we please by taking r great enough. 

If a :|»-^ these two series converge very rapidly and five 

or six terms will give the values of sin a and cos a to 
7 decimal places. 

232. !EiX. 1. Calculate to 7 decimal places the value of 
the sine of an angle whose radian measure is '5. 

1 1 

sina=-5--g(-5)8+~(.5)»-..., 

•5 = -5, 
(•5)»=-125, 
(•5)»= -03125, 
(•5y= -0078125, 
(•5)»= -001953125 etc. 



* Suppose a<c<4^ where c is finite and positive. 

Th — tt^"^ g.g.a a oP-^ /a\^-«+J 



Since a<c, Lt I - ) =0. 

Thence required result follows. 



M 












'1 



6 









-<* 









I't t/i 



e 






'^3 of 



[sU 



. of £?^ 

Oof 

~^^ sin bsc 
fo- taix Sec * 
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[chap. 



■ • *0 — *0j 

i(-5)»= -000260416 



E 



(-5)^= '000000005 

•500260421 
•020834883 



^(•5)»= -020833333 

jj (-by = -000001550 
•020834883. 



/. sin -5 = -4794255 



:. 2. Expand sin (x + fi) in powers of h. 
sin (x + h) — sin x cos h + cos a; sin h 

• /i ^' ^' \ /"j. ^' ^'' \ 

= sinx[l--^^-^,.,)^cosxi^h-^^^~-...) 

= sin x + h cos a; — — sin a? — tq c^^s a? + . . .. 

Ex. 3. Eind (approx.) the number of radians in d, if 

sin ^ _ 5045 
. ~^""5046* 

Since ^ is nearly 1, must be small, 



sin^ 



-I 



Is (approx.) = 1 — -r^ = 



^ 5045 



. 4. Find 



' • V — 5 04 6 • !£."- FIT* 

.\ ^ = ^^^ radians, 
tan 2^ - 2 tan ^ 



Lt 

«=0 



6>^ 



sina; / a^ ocf^ \ /, ar* a* \~i 

cosaj \ [£_ p /V r. C. ^ 



is small 



/ a^^ o^\/ x" aj*\-i .. . 

beyond a? 
= a; + ^ar + y^^ar, 
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. tan 2^ - 2 tan ^[ 20-^1 (20Y + ^\ (20Y] - 2 [(9 + ^^ -f ^^ff'] 

2^ + 4^ 

— = 2 + 4^, 



T, tan 2^- 2 tan ^ ^ 
. . Lit ^ = J. 



EXAMPLES XLVIIL 

1. Find to 7 places of decimals the sine and cosine of 
1 radian. 

2. Expand cos (a + h) in powers of A. 

3. Find the general term in the expansion of cos'^ in 
powers of 6. 

4. Find the number of radians in 0, if 

sinj9 _ 2645 
~2646' 

5. Find the general terra in tlie expansion of sin' cos in 
powers of 0. 

G. Find the limit of {sin (a + ^) — sin a}/0, when ^ = 0. 

7. Find the limit of (sin^ 30 - sin= ^)/(cos 4^ - cos 0), when 
^ = 0. 

8. Find the limiting value of [sin (tan x) — tan (sin xj^/aF, 
when x = 0, 

9. Find the limiting value of ^rr 7i ^;^ when = 0, 

® ^(cos^-co85^) 

10. Find the limit when a? = of 

a^ sin aac^l^ sin hx 
6^ tan 005 — a^ tan 6a; ' 
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1 1. Find the limiting value when a; = of 

e^-l+log,(l+a;) 

X 

12. If <f> = ^ - 2e sin B + ?^%in 2^ -^sin 3(9, 
prove that 

= €l> + 2e sin <^ + -j- sin 2^ + ^^ (13 sin 3<^ — 3 sin <^), 

where powers of e higher than the third are neglected. 

13. Prove that when x = tan 20 and ^ lies between — ^ and ^ , 

and that, if powers of x above the 5th are neglected, 



Bm0 = 1(l-lx'+^^-^a^). 



TT IT ^ rr 



14. If a, hf c are the sides and -5+0, «+)3, o+y the angles 

(in circular measure) of a triangle which is very nearly equi- 
lateral, so that a, )8, y are very small, prove that approximately 

where li is the radius of the circumscribing circle. 



15. Prove that the limit of (cos-) is e~*', when n is 
infinite. 

IG. From the expansion of cos in terms of ^, prove that 

^ (6 + c)^(c+ a)^(a + 6)^ _ a^ + h^+c^ + {a + h + cf' , 
^" |^[2^|2r ~ (2r^ ' 

where w is a positive integer, and the summation extends to all 
positive integral values of p, q, r, including zero, such that 

p + q + r = n. 
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17. If cos z = cos {z + x) cos A + sin (« + x) sin A cos A, 

-where x and A are so small that higher powers than their cubes 
may be neglected, prove that 

x= A cos A— JA' cot « sin* A + JA' cos h sin* A. 

18. Express sec $ in powers of ^ up to 6^, 

19. If ^ and <^ are small angles, prove approximately that 

20. Assuming the expansion of sintf in powers of 0, prove 
that 

. . . Isin'^ 1.3sin»^ 

21. If sin (30" + $)= -51, prove that = 30' 50" (approx.). 



TEST PAPEES. 



[Including Properties of Tricmgles, Chapters XIII and XI V,^ 



XLVI. 

1. Prove that the radii of the circles inscribed in the 
triangle into which ABC is divided by the line which bisects 
the angle A, are to one another in the ratio 



cos 



I |l +tan^| : cos | |l +tan^| . 



2. Show that in a triangle 

a* cos 2B + b^ cos 2fii = a' + b^- iaJb sin A sin B. 

3. Prove 

cos^ B — cos' A 



tan* A — tan^ B 



2o — 



cos* A cos* B 



4. In a triangle ABC, I is the centre of the inscribed triangle, 

ID is perpendicular to BC, BM and CN are perpendicular to Al ; 

show that the triangles MDB and DNC are equiangular and hence 

A 
prove geometrically that ho sin^ ^ = (s -- 6) (« — c). 



5. Show how to construct the triangle ABC when r, R and 
the angle A are given, and establish the limitation that the ratio 
of r to R must not be greater than 



Ssin^^l-sin^). 



TESrr X»APEBd d5l 

6. Given that tan A and tan B are the roots of 

find the value of 

Bin'(A+B)+p.sin(A+B)oo8(A + B) + goo8'(A + B). 

7. Given 

0+^»a and sin'd— edn'^sjl, 
prove that 

sin(d-^) = -; — . 
sina 



XLVII. 

1. O is a point within a triangle ABC such that 

CAO=:ABO = BCO=:a, 
prove that 

oot a = cot A + oot B + oot C. 

2. Prove that 

ABC 
1 «^2 ^2 "^2 



r BC.CA AB 

a cos ^ cos ^ cos -^ cos -= c cos ^ cos ?: 

3. P, Q, R are three successive milestones on a straight road. 
A is a point such that APQ = 20* ; ARQ = 30*. Find AP in yards. 

4. In a circle 5 metres radius what is the length of the arc 
which subtends an angle 33* 15' at the centre 9 (ir=-^ .) 

5. ABCD is a quadrilateral, AB = 147, AC = 136, AD = 98 metres. 

BAC = 22* 30' ; CAD = 34" 15'. Find the area. 

6. Prove that 

r\ X izi 2tantf-sm2^ 

(i) tan* d = ^5 — -r-^ 7—^^ . 

^ ' 2 oot — sm 2d 



6 

(ii) tan^ + cot^ — cot?: seotfsO. 



23 
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7. In a triangle 

2 cos A + COS B + cos C = 2, 
prove that 

2a = b + c, 



XLVIII. 

IT* 4. /o ^\ 3sin2c 

1. If taa(B-C) = 5-3^3^, 

prove that tan B = 4 tan C. 

2. Prove that the medians of a triangle form with the sides 
they bisect 3 angles such that the sum of their cotangents is zero 
when the angles are measured in the same sense of rotation. 

3. If Q and R are the points of trisection of the side BC of 
a triangle ABC, prove that 

sin BAR . sin CAQ = 4 sm BAQ . sin CAR, 
and 

(cot BAQ + cot QAR) (cot CAR + oot RAQ) = 4 cosec' QAR« 

4. Prove 

l+tan«(j-tf) 
(i) f' (. = cosec 20. 

(ii) ^f cot^ — tan^Wcottf. 

5. Solve a triangle, given 

a = 2143; c = 4172; A = 25T. 

6. The nautical mile is an arc of the earth's equator which 
subtends an angle V at the centre ; find its length correct to the 
nearest foot, using 

one radian = 206265"; earth's equatorial radius = 20926000 ft. 

7. Prove that 



\r ~ rj \r rj \r rj A* * 
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XLIX, 

1. Solve A triangle, given 

a = 9621; 6 = 6753; A = 59''4r. 

2. Prove that aBinO + bcosO lies between 

for all values of 6; also that 

a sin" + 2h sin cos $-\-b cos' 
lies between 

a + b 



2 



+ ^/h' + \(a-by, 



and ^-N//*" + i(a-6)'. 



2 
3. Prove that 



M Bl^ Ci 



where ABC is a triangle and I, li, Is, Ig are the centres of the 
inscribed and escribed circles. 

4. In anj triangle, prove that 

^A ^B ^C 8 8 8 8 

5. A quadrilateral of perimeter 28 inscribed in a circle has 
two opposite vertices at the ends of a diameter. If a, b are two 
sides on the same side of the diameter, show that the area of the 
quadrilateral is (8 — a) (8 — b), 

6. Prove that 

(i) coBA-cos2A = 6sin'~8sin*^. 

A 
(ii) cosecA + 2oosec 2A = secAcot-^. 

7. The sides of a triangle are jp, q^ and ijj)^ +/>9' + S'"* fi"<^ 
the greatest angle. 

23—2 
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1. With the ordinary notation prove 

ABC 
A = 2R'sin Asin BsinC=r"cot jrcot ^ cot^ . 

2. If the angle A of a triangle is 60**, prove that 

(a + 6 + c)(-a + 6 + c)-35c=«0. 

3. In a triangle in which a + 6 = 2c, prove that 

a cos B — 6 cos A = 2a — 25. 

4. In the side CA of a triangle ABC a point A' is taken and 
in CB produced B' is taken so that A'B and AB' are parallel, 
prove 

AB* _ sin A' sin B' 

AB' . A'B "" sin A sin B ' 

5. Prove that 

,.. sin 7^ + sin 5^ ^. 

(i) TTi W7i - cot 6. 

^^ cos5^-co87^ 

(ii) cos 7^ - cos 13^ = 2 {sin 11^ sin 2^ + sin 7^ sin 20 

+ cos 6^ cos $ — cos 5^}. 



6. Given 



prove that 



^ tan a + tan B 
1+tanatanp 



Ding<9- S"^2a + sin2ff 
1 + Sin 2a sin 2p 



7. In a triangle ABC, h and c are given and it is known 
that the height AD = the base BC, prove that 

|(^-1)<6<|(V5 + 1). 
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LI. 

1. Prove that 

(sec^-tan^)g~ 1 sing- 1 
(sec tf + tang)2- 1 ~ sm"g + r 

2. If I be the centre of the circle inscribed in a triangle ABC 
show that 

y_ AI.Bi.Ci 

8 abc 

3. Prove that 

cos 2a + COB 4a + cos 6a + cos 8a = 4 cos 5a . cos 2a . cos a. 



4. In any triangle show that 



tanA tanB tanC 



5. Given that cos $ = , — r > 

I - X cos 



prove that tan^ = tan | y/ j— ^• 

6. If tan tf =» - , prove that 

a cos 20 + b sin 20 = a. 

7. In the triangles ABC, A'B'C^ the angles B and B' are equal, 
while the angles A and A' are supplementary ; show that 

aa' = hb' + cc\ 



[Including Oeneral Values of EqticUions cmd Inverse 
FtmcHons. Chapters XVI and XVIII."] 

LII. 

1. Find the length of an arc on the sea which subtends an 
angle of one minute at the centre of the earth, supposing the 
earth a sphere of diameter 7920 miles. 
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2. Solve sin 2^ = cos SO. 

3. If A + B -I- C = an odd multiple of «-, show that 

sin^ B + sin* C = sin* A + 2 cos A sin B sin C. 

4. ABC is a triangle in a horizontal plane, with a right 
angle at C, and P is the middle point of AB ; a flagstaff is set up 
at C and it is found that its angles of vertical elevation at A, B 
and P are o, )S, y ; show that 

tan^ y = 2 tan a tan ^ sin 2 A. 

5. The difference between the perimeters of an inscribed 
and a circumscribed regular dodecagon equals a ; show that the 
difference between their areas equals 



192 ^1- cos ^Y. 

6. Solve the equation 

^ . 1 sin2tf 
tan^ = 7r. 



6 co8 2^-i- 



7. Prove that 

2 tan-' J + tan-i I + 2 tan-* ^ = 45". 



LIII. 

1 . Solve the equation 

2 sin' a: = cos* -5- • 

2. Prove that 

(i) tan-» 3 + tan-i 2 + tan-U = ^. 

(ii) 8in-iT-V + tan-^/T = cos-'l!l- 

3. AB is a horizontal road 1 kilometre long running S.E. 
from A to B. At A a balloon is observed due E. at an 
elevation of 58' 15', and at B it is seen in a direction N. 27*'12'K 
Find the height of the balloon to the nearest metre. 
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4. In any triangle, prove that 

5. From the top of a vertical tower which stands on a flat 
plain, a length a of a flagstaff projects, and is inclined at an 
angle y to the horizon. At a point on the ground, in the 
vertical plane containing the tower and flagstaff, the elevations 
of the top of the tower and of the end of the flagstaff are 
found to be a, )9 respectively; prove that the height of the 
tower is 

a sin a sin (fi + y) coseo (JB — a). 

6. If P is a point in the side BC of a triangle such that 
mBP = nCP, show that 

and deduce that 

^ __ (m + w) (mo* + n5') - mna^ 

A™ — / vn • 

(m + ny 

7. Prove that 

tan ^ + 2 tan 2tf = cot tf - 4 cot 4^. 



LIV. 

1. IfA+B + C = 180", prove that 

sin A sec J A + (sin B + sin C) tan J A = (sin B — sin C) cot |- (B - C). 

2. Solve the equations 

(i) cot A -- cosec 2A = 1, 

g To" 

(ii) COS* A sin 3A + sin* A cos 3A = ^ . 

o 

3. Prove that 

tan~^ x=2 tan~^ [cosec tan~^ x — tan cot~^ a;]. 

4. From two points A and B 150 metres apart in a hori- 
zontal plane, the line joining the foot of a tower, in the same 
plane, to B subtends an angle of 97** 13' at A, and that joining 
the foot of the tower to A subtends 22** 29' at B. Find the 
height of the tower, if the angle of elevation at A is 37* 10'. 
Answer to the neai'est decimetra 
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5. Find a value of x which satisfies the equation 

4 cos 05+5 sin x = 5'2. 

6. Find the area of a triangle in which the two sides are 
187*5 and 925*8 centimetres, and the included angle 27''15'. 

7. If I is the centre of the inscribed circle of a triangle ABC, 
show that the radius of the circle inscribed in the triangle BIG is 

B C 

sin -J sin -j 
4 4 

V2a - 



A . A 
cos -J- — sin -r 
4 4 



LV. 



1. Solve 



tan-i (a? - 1) + tan-i (2 - a;) = 2 tan- V3aj - aj» - 2. 

2. In any triangle show that 

abc (1 — 2 cos A cos B cos C) 

= a^co8 B cos C + 6^008 C cos A + c'cos A cos B. 

3. Solve 

sintf-2sin2tfcosd + cos3^ = sin3^. 

4. Show that 

4 11 
cos-^ ■= — sin-* —7= + tan~* -^ = 45*. 

5 VlO 2 

5. Draw a line BC and divide it at N so that NC = 2BN; 
draw AN at right angles to BC and equal to BN ; join AB, AC 
and show that 

2 (tan A + tan B + tan C) + 3 = 0. 

6. OD, OE and OF are the perpendiculars from a point O 
to the sides of a triangle, show that 

cot ADC + cot BEA + cot CFB = 0. 

7. Show that 
(i) costan-^aj = 



(ii) tan ooe-^a: = 



V l+g»' 



^ 
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LVL 

1. If A; is the length of the bisector of the angle A of h. 
triangle ABC, prove that 

A I7/JL \-A 1- B-C 

A = ^ k{o + c) sin -^^-^kacoQ — ^. 

2. Find all the values of tan consistent with 

(i) cos 4^ =-8049. 

(ii) tan (ir cot 0) = cot (ir tan 0), 

3. Prove that 

cot"^ 3 + oosec""* ^5 = j. 

4. Solve 

tan""* {cue + 5) + tan"^ (ax — 5) = j , 

5. ABC is an equilateral triangle and P is a point in BC 
such that PB = ^BC; show that BAP = 13* 64'. 

6. If A + B + C = 180°, show that 

A B C . ir+A w+B tt — C 

cos ^ + cos 2T — cos 77 = 4 cos — -. — cos — i — cos — r — . 
z iS 2 4 4 4 

7. With the usual notation of inscribed and escribed circles, 
show that 

fTj (ra - rs) = (6 - c) r^r^ tan ^ . 



LVII. 
1. Show that in any triangle 

(1) cos A + cos B = . 2 sin' 7: . 

^ ' c 2 

(ii) a'cos(B-C) + 6'cos(C-A) + <;'cos(A-B) = 3a5(j. 
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2. Prove that 

cosec c* cosec i — cosec cosec ^ /» , /» . 

2 ^ 2 ^ ^ + <Ax ^~<^ 
■ A = tan — j-^ tan — -~ . 

cosec ^ cosec ^ + cosec 9 cosec ^ 

3. ABC is a triangle and P is a point within the angle A, 
such that A and P are on opposite sides of BC. If CP subtends 
an angle a at A and P at B, show that 

PB sin (C — )S + a) = c sin (A — a). 

4. In a triangle ABC the circum-radius is n times the in- 
radius, prove that 

5. If tan (2a -3)3) = cot (3a -2)S), 
and tan (2a + 3/3) = cot (3a + 2/?), 

show that a and P are both multiples of ^tt • 

6. Show that 

2 tan-^ -7 + tan-' ■=• = -7 — tan^^Trr • 
4 5 4 61 



7. Show that 



,/ a; sin a \ , _, /a?— cosa\ ir 

tan-M.| )-tan M — -. ) = ^~a. 

Vl—ajcosa/ \ sma / 2 



MISCELLANEOUS EXAMPLES. 

1. Prove that 

(i) cos^ A + cos' (120" + A) + cos' (120" -- A) = «, 

(ii) cos' (A - 45") + cos' A + cos' (A + 45") + cos' (A + 90°) = 2. 

2. In the ambiguous case of the solution of a triangle when 
a, by A are given, prove that 

(i) Cj + C2= 25 cos A, 

(ii) Ci*^ C2= 2a cos B. 

3. The lengths of two adjacent sides of a parallelogram are 
a and 5, and their included angle is a; show that the area of the 
parallelogram formed by the bisectors of the interior angles is 
J (a — by sin a. 

4. The elevation of the top of a flagstaff on the summit of a 
hill is observed to be a. When the obser\'er walks a distance a 
directly towards the bill, the top of the flagstaff is found to have 
an elevation )8, while the elevation of the hill top is y, ShoW 
that the height of the hill is 

a sin a cos /S tan y oosec ()8 — a), 

5. Prove that 

sin 2 (B - C) + sin 2 (C - A) + sin 2 (A - B) 
= — 4 sin(B — C) sin (C — A) sin (A — B). 

6. Show that 6 sin a? + 3 sin (a; + 60") :^^ 7. 

7. Solve cos6^ + cos4^ = sin3^ + sinft 
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8. Prove that 

sin 5^ = 5 8in^-20sm»^ + 16 sin»ft 

9. If y = a sin x + b cos Xy express y in the form A sin (x + a), 
where A, a are independent oix; and hence show that y must lie 

in value between + (a* + 6*)i. 

10. Prove that 

abc (acos A + 6 cos B + c cos C) = 8A^ 

11. A man travelling along a straight road on a plane 
observes the angle of elevation of the top of a hill as he passes 
three successive kilometre-stones to be a, a, /9 respectively. 
Prove that the height of the hill is 

1000 {2 cosec (a + /S) cosec (a— ^)}i sin a sin p metres. 

12. Prove that 

cos ^ A sin ^A 

vl + sin A V 1 — sin A 

13. In any triangle prove that 

cosA cosB cosC 1 

+ r— - + 



c sin B a sin C 6 sin A R 

U. If tan(g + «)-tan(g-a)= .J^'lt , , 

^ ' ^ ' cos'* ^— sin' ^ tan' a 

prove that = ^n/ir+a or (w + ^)7r — a. 

15. liof 13 are two angles, not differing by or a multiple of 
27r, which satisfy the equation a cos x + b sina:: = 1, then will 

a = oos^(a + )8)sec^ («— i^), 6 = sin J (a + j8) sec J (a - )8). 

16. If P is a point in the side BC of a triangle, such that 
m. BP = n. CP, show that 

sin BAP 



sin CAP mc 



17. Prove that 
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18. Show that sin (a + ^) and sin (a—/3) have the same sign 
only when sin a numerically exceeds sin /8. 

19. In any triangle, prove that 

tan (A - 45**) + tan (B - 60") + tan (C - 75**) 

= tan (A - 45") tan (B - 60") tan (C - 75"). 

20. Prove that 

8 sin 10" sin 40" sin 80" = 2 cos 20" - 1. 

21. In any triangle, prove that 

a cos (B — C) + 6 cos (C + A) + <? cos (A + B) = 0. 

22. If cos + cos ^ = a and sin + sin ^ = 6, prove that 

23. From a window on one side of a street, a building on the 
other side is observed to subtend an angle a. If the width of 
the street be a feet, and if the height of the point of observation 
be h feet, show that the height of the building is 

(a^ + h^) sin a 
a cos a + A sin a ' 

24. Solve sin 20 + co&26 = siaO — cos 0. 

25. In any triangle, if 

cos = = , cos = , cos xlr = z , 

6+c ^ c+a ^ a+b 

prove tan J^tan|<^tan Ji/r = + tan jAtan jBtan JC. 

26. Prove that 

tan ^ tan -jr- tan -^ tan — = 3. 

27. Prove that 

tan (45" - 0) sin 40 = [cos 20 + sin 2^ - 1] [cos 20 - sin 20 + 1]. 

28. Two chords of a circle, subtending angles 2a, 2/3 at the 
centre O, intersect in a point E within the circle; prove that if 
be the angle between them, and r the radius of the circle, the 

distance OE = r cosec (cos* a + cos^ ^ — 2 cos a cos JS cos ^)i, it 
being supposed that the centre is not within the angular space. 
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29. Two points A, B are observed from ix)ints C, D in the 
same plane, the distance CD being a. The angles ACD, BCD, 
ADC, BDC are respectively a, )8, y, 8 and a + y==)S + & Show 
that 

^g^aan(a-^) 

sin(a + y) 

30. If oosa(l -sin )8 sin y) = cos yS cosy, 
show that 

1 — sec^a — sec")8 — sec^y+ 2secasecySsecy = 0. 

31. Show that the distances a;, y^ z of the centre of the 
in-circle from the angular points of a triangle, are connected by 
the equation 

oat? + hj/^ + c^=abc. 

32. Prove that 

sin 3^ + sin 5^ = 8 sin tf cos^^ cos 2tf. 

33. In any triangle, prove that 

A . B . C . «■ — A . B C 
cos ^ + sin -rr — sin ^r = 4 cos — -. — sin -? cos -r- . 
2^2 444 

34. If A+B+O = 0, then 

1 + tan A tan B tan (C + D) tan D 
1 — tan A tan B tan (C — D) tan D 

is unaltered if C is interchanged with A or B. 

35. Prove that 

/•\ + AA 4(tan0-tan»^) 

(i) tan W = = — Vt- — Q-?» — 7 — TTi > i 

^^ l-6tan2tf + tan*^' 

(ii) cos 20 cos 24> + sin'^ (^ - <^) - sin^ (^ + ^) = cos 2 (5 + 4>). 

36. Find tan^, where 420 cosec^ = 1369 cos and 0<^. \ 

4 ^ 

37. Prove that 

oot i^ - tan i^ = 2 cot tf + 2 Vl + oot« 0. 
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38. The top of a flagstaff is observed from 3 points A, B, C 
in a straight horizontal line, and the tangents of the elevations 
are found to be in the ratios 6:3:2. Show that the distance of 
the flagstaff from A is 

JAB . BC . ACl i 

1 5a"b^3BC J • 

39. From the vertices A, B, C of the triangle, lines are drawn 
through the centre of the circumscribing circle, radius R, meeting 
the circumference again in A', B', C' respectively. Show that the 
perimeter of the hexagon AB'CA'BC' is 

4r (cos a + cos B + cos C). 

40. Solve the equation 

cos 2x — sin 2x = cos x — sin x—1, 

41. Prove that 

^ A-B ^ A+B 
tan — ^ tan 

+ 



2 rsin° A + sin' B l 

— B ~ Lsin^ A — sin^ B J * 



X A+B ^ A 

42. If coax=coai/cosz-\-sinyBiazcoaO, 

then 

^^^g^ 8in|(g + a;-y)sin|(a; + y-a) 

2 sin ^ (a? + y + «) sin ^(y-^z-x)' 

43. Perpendiculars p, q are let fall from a point P on the 
sides CA, CB of a triangle. Show that 

CP" = (p' + 2pq cos C + q^) cosec' C. 

44. If A + B + C = 180^ prove that 

sin»Asin(B-C) + sin»Bsin(C-A) + sin»Csin(A-B) = 0, 

and 

sin'Asin(B-C) + sin'Bsin(C-A) + sin'Csin(A-B) 

cannot vanish unless two of the angles are equal to one another. 
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45. The adjacent sides of a parallelogram measure a centi- 
metres and b centimetres, and contain an angle /S. Prove that 
the angle at which the diagonals intersect is given by 

Cnflfl = + — y 

Va*-2a^cos2)S + 6* 

46. Prove that 

coeec^ A - 1 =cot« A (cot* A + 3 cot^ A + 3). 

47. In any triangle, prove that 

c»- 2accos (^B + |) = 6»- 2a6 cos ^O +|y 

48. Prove that 

tan« + tan^ (^ + 5) + *»^'' (* "•■ t) "^ ^ ^^^^ ^^ "*" ^' 

49. Prove that 

3 tan a - 2 cot a — cosec 2a — 5 cot 2a. 

50. If C be the mid-point of an arc AB of a circle, centre O, 
and if OC cut the chord AB in D, show that the area of the 

CD 

segment ACB of the circle is R' (0 — sin cos 0) where vers fl = -— , 

and R is the radius of the circle. 

51. In any triangle, prove that 

C C 

(a + b — 2c)' sec' ^ + (a - b)^ cosec' ^ 

= (6 + c - 2a)' sec» ^ + (6 -c)'cosec«^ 

= {c-\-a- 26)' sec' | + (c -a)'oo8ec'? = 16 (R'- 2Rr). 

52. Solve the equation 

sec4^-sec2^=2. 

53. If and <^ be the greatest and least angles of a triangle, 
the sides of which are in A. p., prove that 

4(1— cos 0) (1 - cos «^) S5 cos 6 + cos ^ 



MISCELLANEOUS EXAMPLES 367 

54. If 

1 + 2 COS (B - C) _ 1 4- 2 cos (C- A ) _ 1 + 2 cos (A - B) 
1 + cos B + cos C 1 + COS C + cos A "" 1 + cos A + cos B ' 

when no two of the angles A, B, C differ by a multiple of 360*, 
then 

sin A + sin B + sin C = 0, 

and either cos A + cos B + cos C = 

or cos A + cos B + cos C = — 2. 

55. The roof of a bam is in the shape of two similar and 
equal rectangles inclined at an angle ^ to the horizon. A person 
standing opposite one of the side walls at a distance h from it, 
finds that his eye is in the plane of the roof on that side ; when 
he increases his distance from the wall by c, he finds that the 
elevation of the top of the roof is y. Prove that the width of the 
bam is 

2 \c cos p sin y cosec (jS - y) - h\ 

56. Solve the equation 

a cos + h sin 6 — c, 

57. In any triangle, prove that 

tan B tan C + tan C tan A + tan A tan B = 1 + sec A sec B sec C. 

58. In any triangle, show that 



59. 



(a - a) sin A (« - ^) sin B (« - c) sin C 2 A^ ' 

Find in degrees the sum of the three acute angles, 
sm-i^, cos-^/^, tan-^i^. 



60. The sides of a square, taken in order, subtend angles 
a, ^, y, 8 at an internal point : prove that 

1 ^ 1 _^ 

cot a + cot y cot P + cot 8 

61. Prove that 

tan 82J* = ^6 + ^^3 + ^^2 + 2, 
R 24 
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62. If A + B + C = 90*, prove that 

oosec A cosec B ooseo C — cot B tan C — cot C tan B — cot C tan A 

— cot A tan C — cot A tan B - cot B tan A = 2. 

63. If 

sin A =2? sin B, cos A = ^ cos B, sin A + cos A = r (sin B + cos B), 

prove that 

{P - rf {l-f) + {q- ry (1 -y) =0. 

64. ACBP is a quadrilateral figure such that the angle APB 
(2^) is bisected by the diagonal CP. If CA = a, CB =5, and the 
angle ACB = a, prove that 

ab sin (a + 2)9) 



CP = 



sinks' Va^ + i,a + 2rt6 cos (a + 2^) 



65. In a four-sided field ABCD, the angles subtended by BC, 
DC at A are respectively 60** and 30* ; the angles subtended by 
AD, DC at B are respectively 30* and 60*; and the length of AB 
is 300 feet. Find the length of CD and the area of the field, 

66. Prove that 

4 cos e cos (120** - ^) cos (120* + ^) = cos 3^. 

67. Solve 

(i) a (cos e - cos 26) = 6 (sin ^ - sin 26). 

(ii) sin X + sin Zx = cos 2x + cos 4a;. 

68. In any triangle, prove that 

cos' (A - B) + cos' (A - C) + 2 cos (A - B) COS (A - C) cos A 

= (1 + 8 sin B sin C cos A) sin* A. 

69. Show that if S cos ()3 - y) = - 1 , then 
cos' (a + ^) + COS* (fi + 6) + COS* (y + 6) 

- 3 cos (a + ^ ) cos 08 + ^) cos (y + ^) 
vanishes whatever be the value of ft 

70. Lines are drawn within a triangle ABC through the 
vertices A, B, C making the same angle 6 with the sides AB, BC, 
CA respectively. Prove that the area of the triangle formed by 
these lines is to the area of the given triangle as 

(cot ^ - cot A - cot B - cot C)* : cosec^ 6, 
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71; A statue 30 feet high, standing on the top of a tower, 
subtends at a point, distant 150 feet in a horizontal line from 
the base of the tower, the same angle as that subtended at the 
same point by a man 6 feet high standing at the base ; find (to 
j?g- of a foot) the height of the tower, 

72. Prove that 

4 (sin 24" + cos 6") = ^/3 + ^/l5. 

73. If a triangle ABC be in a horizontal plane, and an object, 
P, vertically above A, have angles of elevation of 60°, 45°, and 
30** at B, M, and C respectively, show that AP is equal to 

— J—, M being the middle point of BC. 

74. P is a point inside a triangle ABC at distances Xy y^ z 
from the vertices A, B, C respectively; if a, ^, y be the angles 
subtended at P by the sides Oj 6, c, show that 

ax _ hy _ ^^ _ ^^ 

sin (a— A) sin(^ — B) sin(y — C) a;sina + y sin^ + «siny' 

75. If the tangents of the angles of a triangle are in 
arithmetical progression, show that the squares of the sides 
are in the ratios 

a?{a? + ^) : (3 + ar^)2 : ^{l^aF) 

where x is the least or greatest tangent. 

76. Prove that 

(i) cosec ^ + cosec -r + cosec ^ = cot ^^ . 
J 4 o lb 

/... 'TT 27r 3'7r 1 / ^ ,\ 

(a) cos y + cos -=- + cos -y = - (cosec TJ'~^)' 

77. If ^ = 1 + sin® and ^^ = 1 + cos® 0, show that 

2 (j^ + g") + V = 27 (1 + cos* 0). 

78. Solve cos x — sin x = cos a + sin a. 

79. In any triangle, prove that 

= - ^ (a + 6 + c) (6 - c) (c - a) (a - b). 

24—2 
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80. Prove that 

{cos (siii~^ x)Y = {sin (cos~* x)}\ 

81. If tan 3 A + tan 2 A = 0, show that tan A may have any- 
one of the values 

0, ± \/5 ± 2 J6. 

82. The distance between the centres of two wheels is a, and 
the sum of their radii is c, show that the length of the string 
which crosses between the wheels and just wraps around them is 



2Ua^^c' + cco&-'(--^\. 



83. A hexagon, two of whose sides are of length a, two of 
length by and two of length c, is inscribed in a circle of diameter 
cL Prove that 

84. In any triangle, prove that 

a' cos B cos C + 6^ cos C cos A 4- c' cos A cos B 

= abc (1 — 2 cos A cos B cos C). 

85. Solve the equation 

cos 3a5 cos P + sin a sin y = cos (3a5— a) cos (3ic— y). 

86. Prove that 

sin 20" + sin 50** + sin 70" = 4 cos 10" cos 25" cos 55". 

87. Prove that 

sin'^ 12" + sin^ 21" + sin« 39" + sin« 48" = 1 + sin« 9" + sin» 18". 

88. If A + B + C = TT, prove that 

S cos* A + S sin* A = 2 + cos 2A cos 2B cos 2C. 

89. If 

sin (a + )8 + y) - cos (a + j8 + y ) + 2 sin a sin ^ sin y 

+ 2 cos a cos ^ cos y = 0, 

TT 

then either a, ^, or y is of the form wtt — j. 
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90. If in the * Ambiguous Case ' of a triangle O^, Og; Gi, G3; 
Pj, Pa be respectively the two positions of the circumcentre, 
centroid and orthocentre, prove that 

2O1O2 = 3Q1Q3 cosec A = Pi Pa sec A, 

A being the given angle. 

91. In a triangle which has 2 cot A < 2, show that the least 
angle > cot""* ^ and the greatest < 90"*. 

92. DEF is a triangle similar to ABC, and DE is at right 
angles to BC, while the vertices D, E, F lie on AB, BO, CA respec- 
tively. Prove that if a, 6, c, are the sides of ABC the circum- 
radius of DEF is 

2aV + 6V + a26^-6*' 

93. Eliminate ^ and <^' from 

ah cos (0 — <l>) _ ah cos (^ — «^') 
"~ N/o^sm^^TFcos^^ "" /s/a«sin«<^' + 6^cos«</>" 

and tan 6 tan <^' = — -^ , 

a* 

and show that 2r* = a' cos" tf + 6' sin" B, 

94. In any triangle, prove that 

a' cos* A + 6' cos* B + c* cos" G + 26c cos 2A cos B cos C 

+ 2ca cos 2b cos C cos A + 2a6 cos 2C cos A cos B = 0. 

95. If A + B + C + D = 0, prove that 

sin (A + B) sin (A — B) + sin (G + D) sin (G — D) 

= 2 [sin B sin D cos A cos G - sin A sin C cos B cos D]. 

96. ABG is an equilateral triangle, whose side is a, and P 
any point on the circumference of the inscribed circle ; show that 

PA^ + PB^ + PG'* = ^\ 

97. Prove that the perpendiculars from the vertices of a 
triangle on a line joining the orthocentre and circumcentre are 

2R cos A sin (B — G)/\, 2R cos B sin (G — A)/\, 

2R cos G sin (A — B)/A, where A.^ = 1 - 8 cos A cos B cos C. 
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98. A straight line AD is divided into three equal parts at 
B and C ; the angles subtended by AB, BC, CD at any point P are 
^i 4*9 ^> prove that 

(cot + cot ^) (cot xff + cot ^) = 4 cosec* ^. 

99. From a point P, perpendiculars are drawn to the n sides 
of a regular polygon inscribed in a circle of radius c. If the 
sum of the squares of these perpendiculars be nh^, show that the 
distance 8 of the point P from the centre of the polygon is given 
by 

8» = 2^^^-c»cos«^y 

100. Prove that 

(l+sin^)(3sin0 + 4cos0 + 5) 
is a perfect square. 

101. The circumference of a given circle is divided into n 

equal parts at A, Aj, Aj, A„_i; if the distances of the points 

Ai, Ag, Af^_i from A be denoted by o^, «a> ^n-i> show that 

OjOa + <^A + + ^n-2^n-i = 2nr^ cos — . 

102. Eliminate between 

sin + sin 20 = 0, and cos + cos 20 = b, 

103. A, B, C are three mountain peaks and the heights of B 
and C are known to be A and k respectively. At the lowest peak 
C, it is observed that the lines CA, CB make angles a, P with a 
horizontal plane and that the angle between the vertical planes 
through CB and CA is 0. At B it is observed that the angle 
between the vertical planes through BA and BC is ^ Prove that 
the height of A is 

- ,- , . tan a sin <^ 

^•*-^'^"^^tani88in(^ + <^)- 

104. If a + /8 + 7 + 8 = 0, prove that 

tan a + tan 6 + tan y + tan 8 , . a. i. ^ 

— 7 T^^TT —^ —5- = tan atan a tan y tan S, 

cot a + cot p + cot y + cot » # 

105. If ^1, $2, Os, 0^ are four values of $ not difFering by 
multiples of 2?r which satisfy the equation 

a sin 2^ + 6 sin ^ +c = 0, 
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prove that 

(i) S sin e^ = 0. 

(ii) 4 sin $1 sin 0^ sin 0^ sin 0^ (]S sin 0^ sin ^a + 1 ) 

= (2 sin 01 sin 0^ sin 0,)^ 

106. Two triangles ABC, A'B'C' are such that the sides of the 
first being a, b, c, the sides of the second are b + c^a, c + a — b^ 
a-hb — c; prove that 

2 + cos A' (1 + cos A) 2 + cos B' (1 + cos B) _ 2 + co3C^(l +co8C) 
sin A' (1 + cos A) ~" sin B' (1 + cos B) " sin C' (1 + cos C) 

107. If 

tan(<^-0) = .p^5^ 
^^ ' 1 + fr cos 2<^ 

and tanf j-<^j = sin(0 — a)cosec(0 + a), 

1 — Ar' 
prove that tan a == = ^ tan* <^. 

108. In any triangle, prove that 

6" cos 2B + c* cos 2C + 26c cos (B - C) = a' cos 2 (B - C). 

109. Show that, if the medians BE and CF of a triangle meet 
at G, 

12A 

tan BQC = ^-^ = — =-=. 

b' + c - 5a' 

110. If cos(A + B + C) + cos(B + C-A) 

+ cos (C + A - B) + cos (A + B - C) = 0, 

show that one of the angles A, B, C must be an odd multiple of 
a right angle. 

111. Prove 

rt^ _, /a — b^ X .b-hacoBX 

2 tan * A / r tan tz = cos""^ 



6 2 a + 6 cos 33* 



112. If cos* 2$ + cos* 20 + /A* cos 20 = ^*, show that 

fjL. tan* + tan* + fi tan 0=1. 
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113. If A + B + C = 90°, then 

• « • ^ 1 -tan rr 

cos A + sm B + sin C 2 

sin A + cos B + sin C , B ' 

1-tan^ 

114. If cos ^ — cos ^ = 7W, 

and sin <^ — sin O — n, 

show that cosec (^ + ^) = . 

1 

115. If 2costf = aj + -, 

show that 2 cos' ^ = a* + -^ . 

or 

116. If the bisectors of the angles A, B, C of a triangle ABC 
meet the opposite sides in D, E, F ; prove that 

4 (area of ABC) x (area of DEF) 

adTbe~.'cf 

= radius of the circle inscribed in ABC. 

117. In a triangle ABC, D is a point in BC such that 
BD = 2CD, show that 

AD = J V66^ + 3cr» - 2a\ 

118. The sides of a triangle are in Arithmetical Progression 
and its area is four-fifths that of an equilateral triangle of the 
same perimeter ; show that the sides of the triangle are as 

7 : 10 : 13. 

119. If a straight line of length p bisect the angle A of 
a triangle ABC and divide the base into two parts of lengths 
nh and n, prove that 

p' = bc — mn. 



120. Show that 

^ _,2a — b ^ ,2b — a v 
tan -- _+tan-'— -,-=3. 



"6 Ji a 73 ~ 3" 
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121. Solve 

(66-66)* Bin' 33" Jcos 337" _ ^^^ ^^o 
(•0033)* x^ 

122. If O is the centre of the circle described round an acute- 
angled triangle and AO is produced to meet BC in D, show that 

Rcos A 



OD = 



cos (B — C) * 



123. If the inscribed circle of a triangle ABC touch the sides 

2r 
BC, CA, AB in D, E, F, prove that tan ADB =t — — where r^ is the 

radius of the escribed circle which touches BC. 

124. Show that the radius of the circle which touches the 
sides ABy AC of the triangle ABC and also touches the inscribed 
circle is 

l-sin^ 

"-—A- 

1 + sm- 

125. If in the ambiguous case the area of the larger triangle 
is double that of the smaller, show that the tangent of one of 
the angles at the base is three times that of the other. 

126. Solve 

(sin 8" + cos 8°)2« = 2 sin 16" (tan 32")* 

127. Deduce from De Moivre's Theorem 

. ^ w(n-l)(w-2). .. 
ntan^ ^ r^ ^tan'^+... 

B li 

128. If tan[log(a + i6)] = iB + ty, 
prove that 2x = (l - a? — y') tan {log (a* + 6*)}. 

129. Prove that 

log. V8 = 1 + 3-9 + 579, + O"'"^ - 
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/*• n^ /*#» ffjA 

130. If y = _-_+-__ + ... 

show that a = y + ^ + ^ + ^ + ... 

y being numerically less than unity. 

131. Prove that the length of a plane arc of small curvature 
is approximately 

c - 40c^ + 256o" 

45 

where c = the chord of the arc, c' = the chord of half the arc and 
c" = the chord of quarter of the arc. 

132. Prove that 

„ IT o StT _ OtT _ ITT . - 

sec'* - + sec* -^ + sec^ -^ + sec'* -^ = 40. 

1 33. Draw on squared paper a graph of tan lOos- 2 tan 9a; + 1 

for values of x between .0** and 9*, and thus show that the ex- 
pression vanishes when a? = 5° '9. 

134. Pix)ve that the eliminant of 

1 cos'd sin^O 1 cos^6 sin^0 ^^ -^ , , 

is aV-<'r« = 0. 

135. Prove that 

log.5-lofe4 = g +^-g, + 3-35 + j-gj+ .... 



APPENDIX I. 

SEVEN FIGURE LOGARITHMa 

233. Fob some purposes it may be necessary to obtain a 
more accurate result than is possible with 4 figure logarithms. 

When the logarithm of a number between 1 and 100,000 
is required, the value may be written down at once from the 
Tables. 

To obtain the mcmtissaf we look for the Jlrst fowr significant 

figures in the first column and passing along the row containing 

these, take the number in that particular column headed by the 

Jiflh figure; this gives the last 4 digits of the mantissa, the 

first 3 digits being obtained from the column headed by 0. 

A bar placed over the last 4 digits has the same significance 
as in Art. 67, and indicates that the first 3 digits are obtained 
from a succeeding instead of a preceding lina 



1 . Find the logarithm of 46-223. 

"We firstly look out the row containing 4622 in the first column and 
in this row select the number headed by the i&fth figure 3. This gives 
for the last 4 figures 8581, and the first 3 are 664. Since there are 
2 figures to the left of the decimal point in the original number, it 
follows that the characteristic is 1, 

.-. log 46-223 =1-6648681. 



No. 





1 


2 


8 


4 


6 


6 


7 


8 


9 


Diff. 


4621 


6647360 


7454 


7548 


7642 


7736 


7830 


7924 


8018 


8111 


8206 




22 


8299 


8R03 


8487 


8581 


8075 


8769 


8863 


8997 


9051 


9145 





234. If the number whose logarithm is required contains 
more than 5 figures, we have to make use of the Rule of 
Prtyportional Fa/rta^ and the column of Differences on the right 
of the Table becomes an essential feature. This rule is that for 
small differences, the increase in tJie Icgarithm of a number is 
proportioned to ihe vncreaae of the number. 
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No. 





1 


2 


3 


4 


5 


6 


7 


8 


9 


Difif. 


4671 


6694099 


4192 


4285 


4378 


4471 


4564 


4666 


4749 


4842 


4935 


1 9 

2 19 


72 


5028 


5121 


5214 


5307 


5400 


5493 


5586 


6679 


5772 


6865 


3 2S 

4 37 


73 


6958 


6051 


6144 


6237 


6330 


6422 


6515 


6606 


6701 


6794 


6 47 
6 56 


74 


6Rfi7 


6980 


7078 


7166 


7259 


7352 


7445 


7537 


7630 


7723 


7 65 

8 74 


75 


7816 


7909 


8002 


8095 


8188 


8281 


8373 


8466 


8559 


8652 


9 84 



From the table given above 

log 46718 = 4-6694842 
log 46717 = 4-6694749, 
.-. difference for 1 = -0000093. 

The above rule gives 

diff. for -1 = T^ diff. for 1 = -0000009 (correct to 7 places), 

= -0000019 
= -0000028 etc. 



}> 



.O _ 2 
.Q _ 3 



i9 



» 



It will be seen that these terminal figures 9, 19, 28 etc. are 
the same as the figures in the Difference Column, which may 
therefore be used in future instead of those obtained from the 
above calculations. 



Ex. 2. 



£x. 3. 



Mnd log 4673-8723. 

log 4673-8 =3-6696701 
diff. for 7 66 

2 1 

3 

.-. log 4673-8723=3-6696768. 

Find ^, given log ^=3-6697402. 
log j;= 3-6697402 
log 4674-6 =3-6697362 



9 
28, 



diff, for 5 



60 

47 

30 

28 



. •. ^=4674-663=4-674563 x l(fi. 

[We firstly find from the Tables the mantissa next below that given, 
•6697362, and noticing that the next mantissa is -6697446 and the 
difference between these <XXXX)93, select the difference column headed 
by 93.] 
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Ex. 4. Find the value of ( -002489775) j. 

log ^=i log -002489775 

log -0024897 = 3*3961470 
diff.for 7 123 

5 8 8, 

. •. log -002489775 = 3-3961602, 

.-. log A-= J (3-3961602) 
=T-3490401 
log -22337 =1-3490248 



diff,for 7 



8 



153 
137 

160 
156 



^=•2233778=2-233778 x lO-i. 



5. Find the value of 

r (-02587 )3 X V507- 92"i^ 
L 83-97 X -52 

log;r =1 [3 log -02587 +i log 607-92 - log 83-97 - log -52], 



t- 



3 log -02587 = 5-2383892 

\ log 607-92 = 1-3528976 

4-5912868 
1-6401275 

5)6-9511593 

.-. log :r= 2-9902319 
log -097775 =2-9902278 

41 
diff.for 9 41 

.-. 07=9-77759x10 



log 83-97 = 1*9241242 

log -52=17160033 

1*6401275 



Trigonometrical Ratios, 

235. In 7 figure tables the sines and cosines are given for 
all angles between 0** and 45** at intervals of 1 minute, difference 
columns being provided for calculating the seconds by means of 
the Rule of Proportional Parts. 

Katies of angles between 45** and 90** can be found by reading 
upwards from the bottom of the page. 
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:. 1 . Find sin 29* 1' 13". 
From the tables, sin 29** 1' = '4850640 

diff. for60"= 2544 



• . increase for 1 3" < 



551 



.-. sin 29n' 13"= -4851191. 

Ex. 2 - Find cos 29' 4' 34". 

From the tables, cos 29' 4' = -8740550 

diff. for60"= 1413 

.-. decrease ioT Z^" ^ 801 



2544 
13 

2544 
7632 

60 )3^72 

551 



1413 
17 

1413 
9891 

3 0)24021 

801 



.-. cos 29" 4' 34" =-8739749. 
• 3. Find the angle whose cosine is '8741742. 



From tables, cos 29** 2! = -8741963 

cos ^= -8741742 

.-. diff.= 221 

Now diff. for 60"= 1413 



.-. req. na of seconds = 



60 X 221 



1413 

=9 (nearly) 



•. ^=29** 3' 9" (adding, since 
cos^<cos29**3', .-. JF>29**3'). 



9^ 

1413713260 
12717 



5430 



29Deg. 



Natural Sines, Cosines, etc. 



/ 


Sine 


IMff. 


Ctovera 


Chord 


Co-Chord 


Vers. 


Diff. 


Coeine 


/ 





4848096 


2544 
2544 
2543 
2543 
2542 


5151904 


5007600 


1-0150768 


1253803 


1411 
1411 
1412 
1413 
1413 


8746197 


60 


1 


48(X)6iO 


5149960 


5010416 


1-0148361 


1255214 


8744786 


69 


2 


4833184 


5146816 


5013232 


1-0145754 


1256625 


8743373 


58 


8 


4856727 


5144273 


5016048 


1-0143247 


1258037 


8741963 


57 


4 


4858270 


5141730 


5018864 


1*0140740 


1259450 


8740660 


5G 


6 


4860812 


51391B8 


5021680 


1-0138233 


1260863 


8739137 


55 


60 


5000000 


2519 


6000000 


5176380 


1-0000000 


1339746 


1454 


8660254 





/ 


Ckwine 


Diff. 


Vers. 


Co-Chord 


Chord 


Covers. 


Diff. 


Sine 


/ 



eODeg. 



I] 
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236. In the case of tangents, cotangents, secants and 
cosecants, all values are given between C and 90*" at intervals of 
1 minute. 



:. 4. Find tan 49" 1' 13^. 
From the tables, tan 49" 1' = 1 -1510445 



diff. foreo": 
. • . increoM for 13^ < 



6766 



1466 



.-. tan 49" 1' 13"«1-1611911. 



6765 
13 

6766 
20296 

60 )87946 

1466 



:. 5. Find cot 34" 68' 17". 
From the tables, cot 34" 58' = 1 -4299178 

diff. for60"= 8862 

.-. decrease {or 17"^ 2508 

.-. cot 34" 58' 17"= 1-4296670. 



8862 
17 

8862 
61964 

6 0)150484 

2608 



Natural Tangents. 



/ 


49° 


50° 


51° 


52° 


53° 


54° 


55° 


/ 





1*1509684 


1*1917586 


1*2348972 


1*2799416 


1*3270448 


1-3763819 


1*4281480 


60 


1 


1*1610445 


1*1924579 


1*2356319 


1*2807094 


1*3278483 


1*3772242 


1*4290326 


59 


2 


1*1517210 


1*1931628 


1*2363672 


1*2814776 


1*3286524 


1*3780672 


1-4299178 


58 


eo 


1*1917596 


1*2348972 


1*2799416 


1-3270448 


1*8763819 


1*4281480 


1*4825610 





/ 


40° 


89^ 


3S° 


87° 


86° 


35° 


34° 


t 



Natural Cotangents. 



382 
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Logarithmic SiiieSf Cosines, etc, 

237m These values are given for all angles between 0* and 
90* at intervals of I minute, difference columns being provided 
for the seconds, and the Rule of Proportional Parts again being 
used. 



1. FindXsec33"l'19^ 
From the tables, L sec 33' 1' == 10*0764907 



diff. for60"= 



increase for 19" = 



821 



260 



. X sec 33" 1' 19" = 10-0765167. 



821 
19 

821 
7389 

6 0)15599 

260 



£iX. 22. Find a?, given that Zcosec:F= 10*2636425. 

From the tables, L cosec 33* 1' = 10*2636968 

.-. diff.= 543 

Now diff. for 60"= 1944 

„ J 60 X 543 

.*. req. no. of seconds = —_—-.-; — 
^ 1944 

= 17 (nearly) 



16*7 

1944)32580 
1944 



13140 
11664 

14760 



•. ;f =:33n' 17" (adding, since X cosec ^<X cosec 33''r, .*. ^>33'*r). 



Logarithmic Sines, etc. 





33 Deg. 












/ 


Sine Diflf. 


Cosec. 


Tang. 


Diff. Cotang. 


Secant D. Cosine 


/ 





9-7381088 

9-7363032 ^ 

9-7384976 ,^ ^ 
1942 


10-2638912 


9-8125174 


10-1874823 
2764 '"-'"^ 


10-0764066 9-9235914 

10-0764907 9-9235093 

10-0765728 ,^ 9-9234272 
822 


60 


1 


10-2636968 


9-8127939 


S& 


2 


10-2635024 


9-8130704 


5R 


/ 


Coeine Diff. 


Secant 


Cotang. 


Diff Tang. 


Coeec D. Sine 


f 



56 Deg. 
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EXAMPLES XLIX. 
Find the value of 

1. 1278-4 X 9276-4 x -80051. 2. -005271 x 7-329 x -00082795. 



a 827-932 X 51 -82 X -0079866. 4. 



87-563 X -002897 
12598-22 



457-082 X -002987 ^ 82957-9 x -02981 x -72456 

421 X -079825 * -00052897x82476 

r 52-478x -002497" ] 3 
L i-^-0029875 J 

[ "85-9781 X -002478 x i('8215y ^ 
L ^-0893476 J " 

9. 1729-5 sin 18** 17' x cos 19" 18'. 

10. -0025879 tan 42° 15' x sec 69° 14'. 

11. sin 18° 14' 57" x tan 51° 20^ 20". 

12. (-0876)3 cosec 55° 17' 16". 

13. 13-8297 X /v^82-0092 cos 47° 15' 16". 
14 i X -0008259 x ^25^ cot 18° 1 4' 50". 

•02987 tan 16° 15' 40" 



15. 



^^5298-75 cosec 18° 17' 20" * 



25 



APPENDIX II. 

THE SLIDE RULK 

238. One method of adding together lengths is by the use 
of two rules placed side by side. ^ ^ ^ ^ ^ 
For instance, if we wished to add j , f— | — 4 — ? — t — ^— ^ 

2 and 1, 2 and 2, 2 and 3 etc. we ' ■ — ^ ^ ^ ^ ^ ' 

should place them as shown in the diagram, one rule over- 
lapping the other to the extent of 2 divisions; underneath the 1 of 
the top rule we find the result of 2 + 1 i.e. 3 ; underneath the 2 
of the top rule we find the result of 2 -\- 2 i.e. 4 ; underneath the 

3 of the top rule we find the result of 2 + 3 t.6. 5, and so on. 

In the same way we can subtract. If we wish, for example, 
to take 3 from 5, we move the rules until the 3 of the top rule 
coincides with the 5 of the lower one; the result of the 
subtraction, viz. 2, is then seen under the left-hand end of the 
top rule. 

239. ITie Slide Rule is an instrument so graduated that we 
can perform multiplication and division just as easily as addition 
and subtraction with ordinary rules. In order to understand the 
principle on which it works, we merely have to remember that 

log cbbc = log a + log h + log c 

and log T = log a — log 5, 

i,e. in dealing with logarithms, multiplication is replaced by 
addition and division by subtraction. 

240. Let two rules be graduated with unequal divisions so 
that the distances of any two graduations from the end of the 
rule are not proportional to the numbers on those graduations, 
but proportional to the logarithms of the numbers. 



"1 — I — I — I — I I I I I I I I I I I I I 1 I lllli lllll|llll|ilil 

M 1*2 1-8 1-4 I I I I 

1-5 ' 2-5 ' 3-5 I 4*5 

2 3 4 6 



25—3 
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The distance from 1 to 3 is not twice the distance from 1 to 2 



but 



distance from 1 to 3 log 3 -4771 



distance from 1 to 2 ~ log 2 -3010' 

Since log I = 

log 2= -3010 

log 3- -4771 

log 4= -6021 

log 5= -6990 

log 6= -7782 

log 7= -8451 

log 8= -9031 

log 9= -9542 

log 10= 1-0000 

it follows that the distances of the graduations 1, 2, 3 10 

from the left-hand end of the rule are proportional to the 
numbers in the 2nd column, so that 1 is placed at the left-hand 
end and not 0. 

Intermediate graduations are obtained by a similar process. 

241. Suppose we now wish to use two such rules in order to 
find the value of 1*2 x 1'75. One of them is moved until the 
graduation 1 — called the Iridex — is over 1 -2 of the lower rule ; 
then looking under 1*75 of the upper rule we find the product 
2*1 on the lower rule. The reason for this is that 

log 1-2 =AB 

log 1-75= BC, 

.-. log(l-2x 1-75) = log 1-2 + log 1-75 

= AB + BC 

= AC 

= log 2-1 ; 

.-. 1-2 X 1-75 = 21. 



B 



■• — r 
1 



1 1 %2 3 4 56 7i 89212 
\ 3 4 667892 !l 2 



2*1 

Similarly if we wish to find the value of =-^-^ , the top rule is 

moved until 1*75 on it coincides with 2*1 on the lower rule, the 
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quotient I'2 is then read off o] 
tiie ladex of the top rule, 

242. One extremity of a Slide 
Rule with some of the graduations 
marked is shown in the diagram. It 
will be noticed that there are four 
scales; A and D being on the Rule 
and B and C on the Slide. Moreover 
A and B are graduated in the same 
way, and C and D in the same way, the 
distance between any two numbers on 
C or D being twice as great as that 
between the corresponding numbers on 
A or B. The Cursor, K, is a rectangular 
frame with a glass front on which is 
engraved a black line at right angles to 
the length of the Rule ; the frame is 
made to slide in grooves. 

343. Multiplication. 

Ex. 1. Find the value of 1-96x1 74. 

Place the index (the 1) of the C scale over 
1-96 on the Dscala 



the lower rule imioedistely under 



Ex. 3. Find the value of 2-3 x 5-6. 

Placing the leit-hand index of the C scale 
over 2-3 on the D scale we find that 5-5 on 
the C scale is off the rul& In a case like 
this we use the right-hand index of the C 
scale and place it over 2-3 on the D scale, 
then under 5-6 on the C scale the product 
. 12-65 is read off on the D scale. 

The beginner might im^ne, by looking 
at the rule, that the last product should 
be 1-265 ; it is therefore vety important to 
fold the pontion of the decimal mint This 
is best done by approximating; m Ex, 2, the 
product is approiimately 2 X 5» 10 and there- 
fore the answer must be 12*65 and not 1 -266. 
Bules will however be given hereafter in 
Art 252. 

In working examples on continued 
multiplication, the Curaor is of great use. 
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Ex. 3 . Find the value of 1 -2 x 1 -8 x 2-3. 

Place the index of C over 1*2 on D, then move the cursor till 
it is over 1*8 on C, the product of these two numbers is then under 
the cursor. Without reading off this product, again move C until its 
index is under the cursor and then the final product 4*97 is read off on 
D under 2*3 on C. 

Ex. 4. Find the value of 2*1 x 3*9 x 2-4. 

Place the index of C over 2*1 on D, then move the cursor till it is 
over 3*9 on C ; the partial product is on D under the cursor. 

If now, as in the last example, we again move C until its left-hand 
index is under the cursor, we find that 2*4 on C is off the rule. All 
that we have to do in a case of this sort is to move C so that its right- 
hand index is under the cursor, then the final product 19'66 is read off 
on D under 2*4 on C. 

[The product is approx, 2x4x2=16 and therefore the decimal 
point is as given.] 

244. Division, 

Divide 2-1 by 1-7. 



Place 1*7 on the C scale over 2*1 on the D scale, the quotient 1*235 
is then read off on the D scale under the left-hand index of C. 

If the left-hand index is off the rule, the right-hand index of C is 
used instead. 



245. Proportion, 

To find one term of a proportion given the other three. 
Find X, if 1*72 : 8*7=^ : 3*49. 

1-72 X 3-49 



Here obviously ^=- 



8-7 



Divide 1*72 by 8*7 by placing 8*7 on the C scale over 1'72 on the 
D scale, then move the cursor so that it is over the right-hand index 
(the left-hand index being off the rule) of the C scale, i.e, over the 
quotient on the D scale. 

We now have to multiply by 3*49 and do this bv moving the C scale 
so that its left-hand index is under the cursor and the final value of x 
is read off on D under 3*49 on C. 

It is found to be -69. 

t2 X 3 2 n 

The value of x is approx. — ^— = « == *^« 
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5246. Combined Multiplication and Division. 

-is^ 1:1- J xv 1 - 2-43 X 1-72 X 7*6 
Ex. Find the value of 3.^^ ^^.^^^3.^^ . 

Divide 2*43 by 3*42 by placing 3*42 on the C scale over 2*43 on the 
D scale ; the quotient is on the D scale under the right-hand index of 
the C scala 

Multiply by 1*72 by moving the cursor to 1*72 on the C scale; 
the product is on the D scale under the cursor. 

Divide by 2*59 by moving the C scale so that 2*59 on the C scale 
is under the cursor ; the quotient is on the D scale imder the right-hand 
index of the C scala 

Multiply bv 7*6 by moving the cursor to 7-6 on the C scale ; the 
product is on the D scale imder the cmsor. 

Divide by 8-71 by moving the C scale so that 8-71 on the C scale 
is under the cursor ; the final quotient is on the D scale under the 
right-hand index of the C scale. 

The final result is *412. 

Vrru 1 .2x2x8 32 ."1 

The approx. value is - — ^r — ~ = — - = -4 
L 3x3x9 81 J 

Squa/rea a/nd Square Boots. 

247. Since the distance from the index to any graduation 
on the C or D scale is double the distance from the index to the 
same graduation or the A or B scale, it follows that if any 
distance on the C or D scale represents log aj, the same distance 
on the A or B scale represents 2 log x or log or*. 

Thus above any graduation on the D scale will be found its 
square on the A scale. 

Ex. 1 . Find the square of 2*27. 

Place the cursor over 2*27 on the D scale ; it will then be found 
to be over 5*16 on the A scale. 

Thus 2-272 = 5-15. 

[Approx. value is 2^ = 4.] 

Ex. 2. Find the square of 178*5. 

Place the cursor over 178*5 on the D scale, it will then be found to 
be over 31900 on the right-hand A scale. 

. •. 178*52 = 31900 = 319 x 10*. 

[Approx. value is 180^ = 32400.] 
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348. In finding square roots, the following rules determine 
which scales to use. 

1. If the number >1 mark off periods of two digits from the 
decimal point to the left, and ascertain how manj digits are left in the 
last period marked : 

If the number < 1, ascertain how many significant figures there 
are in the first period to the right of the decimal point containing 
significant figures, 

2. If this period contains 09ie digit, use the left-hand A scale 
(since in this case the first figure of the square root cannot be greater 
than 3, and must therefore be found on the left-hand half of D). 

3. If this period contains tvH) digits, use the right-hand A scale. 
Or, if the number be written as a multiple of a power of 10, then 

i. The left-hand A scale is used if this power is even ; 

n. The right-hand A scale is used if this power is odd, 

e.g, 77*5 = 7*75 x 10*. Use the right-hand A scale ; 
■000767=7-67 x 10"*. Use the left-hand A scale. 

Ex. 3 a Find the square root of 77*5. 

Here there are an even number of digits in the last period marked 
and we therefore use the right-hand A scale. 

Place the cursor over 77'6 on the A scale, and it is then over 8*8 on 

the D scale, 

,-. V77-5 = 8-8. 

[Approx. value = Vsi^ = 9.] 

Ex. 4. Find the square root of •000767. 

Since there is one significant figure in the first period containing 
significant figures, the left-hand A scale is used. 

Place the cursor over '000757 on the A scale, and it will then 
be over "0275 on the D scale, 

. •. \/'000767 « -0275 = 2-75 x 10-« 

[Approx. value=,y<XX)9 =-03.] 



Cvhea and Cvhe Roots, 

249. Having seen how to find the square of a number, 'Mre 
merely have to multiply this square by the number itself and 
thus obtain the cube. 
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:. 1 . Find the cube of 114-2. 

Place the left-hand index of C opposite 114*2 on D ; the number on 
the A scale opposite this index is obviously the square of 114*2. 

Now multiply by 114*2 again, by looking at the number on the A 
scale opposite 114*2 on the B scale ; we find 1490000 = 1*49 x 10^. 

[Approx. value = llO^ = 1331 x lO^ = 1*331 x lO*.] 
For alternative methods, see Art 257, Exs. i, iii, v, ix. 

250. By reversing this process we obtain Cube Roots. The slide 
must be moved until the number on the B scale under the given cube 
on the A scale is the same as the number on the D scale under 
the index on the C scale. 

The following rules determine which of the scales on A and B are 
to be used: 

1. If the number >1, mark off periods of 3 digits from the 
decimal point to the left and ascertain how many digits are left 
in the last period marked. 

2. If the number < 1, ascertain the number of significant digits in 
the first period of 3 digits, containing significant figures, to the right of 
the decimal point. 

3. If this period contains one digits use left-hand of A and left- 
hand of B. 

4. If this period contains two digits^ use right-hand of A and left- 
hand of B. 

5. If this period contains three digits^ use right-hand of A and 
right-hand of B. 

Or again, if the number be written as a multiple of a power of 10, 
then 

i. Xi this power is a multiple of 3, use the left-hand of A and 
left-hand of B; 

ii. If this power is 1+a multiple of 3, use the right-hand of A 
and left-hand of B ; 

iiL If this power is 2+ a multiple of 3, use the right-hand of A 
and right-hand of B. 

Ex. 2. Find the cube root of 33*5. 

Marking the periods from the decimal point to the left, the last 
period contains two digits. 

Therefore use the right-hand A scale and left-hand B scala 

The cursor is placed over 33*5 on the right-hand of A and the slide 
moved to the right until the number on the left-hand of B imder the 
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cursor is found to be the same as the Dumber on D under the left-hand 
index of C. 

We thus obtain v^33^= 3-215. 
[Apppox. value = V27 = 3.] 

To find the logarithm of a number, 

251. Move the slide until the index on C is over the given 
number on D, then turn the whole slide-rule over and read the 
number on the middle set of graduations (reading from right to 
left) opposite the black mark in the notch. This gives the 
mantissa. 

For alternative method, see Art. 257, £z. ix. 

Ex. Find log 3. 

Move the slide until the left-hand index of C is over 3 on D. 

Invert the slide-rule and *477 is found opposite the black mark. 

2S2« Rule for determining the position of the decimal point in a 
prodtict. The number of digits in a product is the same as the sum of 
the digits in the two factors, if the multiplication is performed with 
the slide projecting to the left ; while it is one less if the slide projects 
to the rignt. 

If there are more than two factors, the same rule can be suc- 
cessively applied. Thus the sum of the digits of all the factors 
is obtained and 1 subtracted each time a multiplication is performed 
with the rule to the right. 

N.B. If a number > 1, then by the number of digits we mean the 
nimiber of figures to the left of the decimal point. 

If a number < 1 and starts with cyphers, by the number of digits 
we mean the number of cyphers coming immediately after the decimal 
point. 

Ex. To find the product of 2*4 x 3*7 x -0069. 

Place the left-hand index of C over 2*4 on D and move the ciuBor 
to 3*7 on C. [The slide projects to the right.] Now multiply by 
•0059 by placing the right-aand index of C under the cursor and read 
off the nnal product on D under •0059 on C. [The slide projects to the 
left.] 

The final product gives the figures 524 and we have to determine 
where to put the decimal point. 

The nimiber of digits in the original factors is 1-1-1-2=0; from 
this we have to subtract 1, since one multiplication was performed with 
the slide projecting to the right 

Therefore number of digits in product is —1, and consequently 
the product is "0524 
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253. Utile far determimnff the position of the decimal point in 
a qwotient^ 

The number of diaits in a quotient is the same as the excess of the 
number of digits in tne dividend over the number in the divisor, if the 
slide is projecting to the left ; while it is one more if the slide projects 
to the right. 



Divide 501 by -0322. 

Place -0322 on C over 5*01 on D. [The slide projects to the right] 
The quotient 1556 is then found under the left-hand index of C. To 
determine the position of the decimal point, we find, by the above rule, 
the number of digits in the quotient tobel— ( — 1)4-1=3. 

Therefore quotient =166*6. 



EXAMPLES L. 
Multiply 

L 7-42 by 8-5. 2. 345 by 71*2. 

3. -0431 by •0072a 4. 825-7 by -0241. 

Evaluate 

5. 43-17 X 22-05 X -715. 6. •00295x72-4x15-8. 

7. 1324 x 18-9 X -075, 

Divide 

8. -1125 by -015. 9. 693 by 8-4. 
10. 162-9 by -517. 11. •396by0072. 

Find the value of a? in the following equations : 

12. 72-1 : 8-2=3 : ;r. la 52-7 : ;ir=-021 : 42-6. 

14 X : 51-9=72-41 : 8*05. 15. 17-2 : 151=a? : 92-7. 

Find the value of 

18-2 X 19-6 137-5 x 49-2 x 81 

7-3x14-21' ^' 77-2x69^ ' 

18. 52-41x71-42x 1-41 19-24x17-81x15-21 

11-27 X 16-3 X i8-9 • 202 x 15*91 x 18*24 " 

20. Find the squares of (i) 19-5. (ii) -0527. (iii) 186-4. 
(iv) 324*9. (v) •005843. 

21. Find the square roots of fi) 86-6. (ii) 103-6. (iii) •0724. 
(iv) -0000896. (v) 8250. 
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22. Find the cubes of (i) '76-9. (ii) 821-5. (iii) -035. (iv) "0059. 

23. Find the cube roots of (i) V2-8. (ii) 824-6. (iii) '7-98. 
(iv) -00582. (v) -000786. 

Sines cmd Tcmgents. 

254. To find the sine of an angle, (i) Invert the whole 
slide-rule and move the scale of sines until the necessary number 
of degrees comes opposite the black mark; then turning the 
whole slide-rule over again, the required value of the sine is 
found on B opposite the right-hand index of A. 

If the result is found on the right-hand B scale, a decimal 
point is put at the beginning; while if it is found on the left- 
hand B scale, a cipher is first placed at the beginning and then, 
the decimal point in front of the cipher. 



To find sin 30\ 

Turn the sUde-rule over and draw out the slide until 30 on the Sine 
scale is opposite the black mark. Then we find 5 opposite the right- 
hand index of A. 

Thus sin 30° = -5. 

(ii) A second method is to take the slide right out and then 
put it back again with the Sine scale next to the A scale and its 
extremities coinciding with the extremities of the A scale. The 
sines of all the angles are then read off on the A scale opposite 
the corresponding number of degrees on the Sine scale. 

Between 70° and 90° the graduations, if marked, would be 
extremely close together, so that only 75° and 80° are indicated. 
The sines of other angles between 70° and 90° may be obtained 
from any of the approximate rules found in books on the Slide 
Bule. 

255. To find the tangent of an am^le. (i) Invert the whole 
slide-rule and move the scale of tangents until the necessary 
number of degrees comes opposite the black mark; on turning 
the slide nile over again the value of the tangent is found on A 
opposite the right-hand index of B. 

As in the case of the sines, a decimal point is prefixed, if the 
result is found on the right-hand A scale ; a decimal point and a 
cipher if the result is on the left-hand A scale. 
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Find tan 6°. 

Turn the slide-rule over and draw out the slide until 6 on the 
Tangent scale is opposite the black mark; we then find 875 opposite 
the right-hand index of the B scale. 

Therefore tan 6** = •08'75. 

(ii) The second method is to take the slide out and re-insert 
it with the Tangent scale next to the A scale and the extremities 
coinciding. 

The tangents of all the angles up to 45** are then read off 
on the A scale opposite the corresponding angle on the Tangent 
scale. 

For angles between 45** and 90°, we obtain the tangents 
from the formula 

1 1 

cotA"tan(90''-A)* 
..^r. tan 60° = ^^^^-3^, . 



APPLICATIONS. 

256. Ex. 1 . Find the number of degrees in 2*57 radians. 

1 radian=57*3% 

. •. 2-57 radians = 57*3'' x 2-57 = 147•3^ 

[Place the right-hand index of C opposite 57*3 on D, then under 
2*57 on C we r^ 147*3 on D.] 

Ex. 2« Find the circumference of a circle when the diameter is 
12 inches. 

Circumference =7rc?= IT x 12 

=37*7 inches. 

[Place the left-hand index of B opposite tt (speciallj marked) on A ; 
then opposite 12 on B we read 377 on A.] 



. 3. Find the area of a circle when the diameter is 6 inches. 
4 ""4 



Area = ^ = ~ x 6*sq. inches = 28*3 sq. inches. 



[Divide «■ by 4 by placing 4 on B underneath «• on A Tthe quotient 
is on A over the nght-hand index of B); then multiply by cP by 
observing the reading on A opposite 6 on C. We obtain 283.] 
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Ex. 4. Find the volume of a sphere 5*7 cms. in radius. 

Volume = |7r?'^= 4*189 x 5*7^ ciL cms. (since «•= 3*142)* 

=776ciL cms. 

[Multiply 4*189 by 5*7 by moving the slide till the left-hand index 
of B is imder 4*189 on A, then move the cursor to 6*7 on B. Multiply 
this result by 6*72 by moving the slide till the right-hand index is under 
the cursor, and the final result is on A opposite 5*7 ou C] 

EiX. 5. Find the area of a triangle, the sides being 27*5, 22*4 and 
19*8 cms. respectively. 

a =27*5 
&=22*4 

C=:19*8 



2 69*7. 



«=34*86, 



A= V« (« — «) (* - ^) (* — <') 



= \/34*85 X 7*35 x 12*45 x 1505=220 sq. cms. 

[Since we eventually have to take a square root, it will be oon- 
vement to work with the A and B scales. 

Place the left-hand index of B on 34*85 of the left-hand A scale and 
the cursor on 7*35 of the left-hand B scale. 

Move the left-hand index of B to the cursor, and then the cursor to 
12*45 on the left-hand B scale. 

Move the left-hand index of B to the ciursor and the final product of 
the four factors is found on A opposite 15*05 on B. By a rough 
calculation the product contains 5 motors and is therefore 48000. 

To find the square root, we place the ciursor over 48000 on the left- 
hand A scale (since there is an odd niunber of digits) and find it is then 
over 220 on D.] 



:. 6. Find B and O given that 6=17*2, c=15*4 and the 
included angle A =38** 40^. 

B-C h-c ^A 

tan — ^ — = r—~ cot — 
2 0+c 2 

° cotl9'*20'=i^ X I — T7:?7;x,--157. 



32*6 32*6 tan 19" 20' 

* In finding the volumes of spheres, it will in future be advisable to 
remember that 

|«rc=:4*189. 
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[Inverting the slide-rule and placing 19** 20' on the Tangent scale 
opposite the olack mark, then turning the slide-rule over, we read 'SSI 
opposite the right-hand index of the B scale, 

^ B-C 1-8 1 
.*. tan — TT— ^ ^^7^-^ y^ 



2 32-6 -351 • 

Place 32*6 on the C scale opposite 1 *8 on the D scale ; the quotient 
is then on the D scale, under the right-hand index on the C scale. 

Put the cursor at this place and then move the slide until *351 on 
the C scale is imder the cursor; the final result *157 is then found 
on the D scale under the left-hand index of C] 

p Q 

To obtain — ^— , we move the slide until the right-hand index of B 

is imder '157 on the right-hand A scale; turning the rule over and 
looking at the black mark against the Tangent scale, we find that 

^=8^65'. 

Now ^±^ = 90'' -^ = 70'' 40', 

.-. B = 79'*35', 
C=61°45'. 

Ex. 7. Given that 1 inch =2*54 centimetres, find the number of 
centimetres in 537 inches. 

Place the right-hand index of C opposite 2*64 on D, then under 537 
on C we read 1364 on D ; 

. •. 537 inches = 1364 centimetres. 



.8. Find3io/oofll5j. 

3^0/0 of 115i=H51^^=1.155 X 3-5=4-04 

[Place the left-hand index of C opposite 1'155 on D, then under 3*6 
on C we read 4*04 on D.] 



:. O. Find the space fallen through (in vacuo) by a body in 
27 seconds 

«=J^=16x272fL = 11660ft (approx.). 

[Place the left-hand index of C opposite 27 on D, then opposite 
16 on B we find 11660 on A.] 

257- Mr A. G. Thornton, S. Mary's Street, Manchester, is 
now selling a new Slide Rule called the "Improved Perry 
Calculating Slide Rule," It has very many advantages; we 
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will here consider some of the special advantages attaching to 
the Log Log Scales which are marked on it. 

Between the edge and the scale A is another scale called E, 
in which the markings are proportional to the logarithm taken 
twice of each number. 

Thus the position of 10 is the zero position, for log log 10 = 0, 
and 10 is placed at a convenient point of the scale, then 4 is 
placed to the le/i of 10 at a distance proportional to log log 4 or 
— '2204; 50 is placed to the right of 10 at a distance proportional 
to log log 50 or *2303 and so on. 

Between the other edge and the scale D is another scale 
called E"^ on which the graduations are the reciprocals of those 
on E, thus 4 on E corresponds with '25 on E"*, 50 on E with '02 
on E~^ and so on. 

The following are the most important types of calculation, 
and the student who has the Bule in his hands will readily 
follow the method of working. 

(i) Calculate x from x = 2-3P^. 

Set B, 1 on E, 2*31 then find B, 1*32 and read off the a;nswer 

E, 3-02. 

Bea8(m. log a; = 1 -32 log 2-31, 

.*. log log a; = log 1 -32 + log log 2-31. 

(ii) Calculate x from x = 2*31 ~^"'^. 

Proceed just as in (i) but opposite B, 1*32 read off the answer 

E-S -33. 

Reason. We really calculate as in (i) and read off the 
reciprocal of the answer. 

(iii) Calculate x from x = -568^ ". 

Set B, 1 on E~^, '568 then find B, 1*52 and read off the answer 

E-\ -423. 

Reason, It is not possible to take loglog*568; we have 

therefore to use the reciprocal ^^^ , the process is then the same 

as in (i) except that the reciprocal scale E"^ takes the place of E 
all through, thus 

log log -= log 1-52 + log log ;ggg . 
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(iv) Calculate x from x= •568"'^'". 

Set B, 1 on E"^, '568 then find B, 1*52 and read off the answer 

E, 2-36. 

Reason, We really calculate as in (iii) and read off the 
reciprocal of the answer. 

J. 
(v) Calculate x from x = 2-3P'^. 

Set B, 1*32 on E, 2*31 then find B, 1 and read off the answer 

E,l-89. 

Reason. log x = yr^ l<^g 2 -31 , 

/. log log a; = log log 2 -31 -log 1-32. 

1 
(vi) Calculate x from x = 2-31'^'^. 

Proceed just as in (v) but opposite B, 1 read off the answer 

E-\ 53. 

Reason. We really calculate as in (v) and read off the 
reciprocal of the answer. 

(vii) Calculate x from x = "568^"^. 

Set B, 1*32 on E~^, '568 then find B, 1 and read off the answer 

E-\ -652. 

Reason. It is not possible to take log log '568; we have 
therefore as in (iii) to use reciprocals. Thus we proceed exactly 
as in (v) using the E~* instead of the E scale throughout. 

(viii) Calculate x from x = '568 ^'^. 

Proceed just as in (vii) but opposite B, 1 read off the answer 

E,l-54. 

Reason. We really calculate as in (vii) and read off the 
reciprocal of the answer. 

(ix) Calculate x from x = logi.jj 2*31. 

i.e. Solve l-32« = 2-31. 
Set B, 1 on E, 1*32 then find E, 2*31 and read off the answer 

B, 3-01. 
Reason. log x = log log 2*31 — log log 1 '32. 

B. 26 
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EXAMPLES LI. 

1. Find the number of degrees in 7*2 radians. 

2. Calculate the number of radians in 62**. 

3. Find the number of sq. centimetres in a circle of radius 
5*8 cms. 

4. What is the number of centimetres in the circumference of a 
circle of radius 7*2 cms. ? 

5. Find the volume of a sphere of radius 13*2 decimetres. 

6. Calculate the number of degrees in 3*4 radians. 

7. Obtain the circumference of a circle of diameter 7 centimetres. 

8. Find the area of a circle of diameter 16 centimetres. 

9. Find the niunber of radians in 140°. 

10. If the volume of a sphere is 18560 cu. centimetres, what is the 
radius? 

11. Find the volume of a sphere when the radius is 15*9 centi- 
metres. 

12. Calculate the radius of a circle whose area is 1000 sq. centi- 
metres. 

13. Find the area of a triangle when the sides are 15, 17*5 and 19*5 
centimetres respectively. 

14. Calculate the angles B and C of a triangle, given that 2>«=7*5, 
c=3•2andA=50^ 

15. If there are 1*609 kilometres in 1 mile, how many kilometres are 
there in 827 miles ? 

16. Calculate the value of 23 tons, if 1 lb. = 2*205 kilograms. 

17. Find the number of centimetres in 5 miles, if 1 ft. —30*48 cms. 

18. Find the values of the angles C and A of a triangle, if <?= 18*75, 
a= 14*21 and B = 74° Sa. 

19. Calculate the area of a triangle, the sides of which are 24*7, 
59*8 and 62*5 centimetres respectively. 

20. Given that the earth's radius is 6*371 x 10® centimetres, find its 
value in miles, when 1 foot= 30*48 cms. 

21. Find the mass of the earth in tons, given that it is 
^•14 X 1027 grams, and that 1 lb. t== 453*6 grama 
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9-3634 


3668 


3702 


3736 


3770 


3804 


3837 


3B70 


3008 


3935 


6 


11 


17 


22 


28 


H 


9-3968 


4000 


4082 


4064 


4005 


4127 


4156 


4189 


4220 


4250 


5 


10 


16 


21 


26 


X5 


9*4281 


4311 


4341 


4371 


4400 


4430 


4459 


4488 


4617 


4546 


6 


10 


16 


20 


25 


z6 


9*4575 


4608 


4632 


4660 


4688 


4716 


4744 


4771 


4790 


4826 


6 





14 


19 


28 


S 


9-4863 


4880 


4907 


4034 


4961 


4967 


5014 


5040 


5008 


5002 


4 





13 


18 


22 


9-5118 


5143 


6169 


6195 


5220 


5245 


5270 


5296 


6320 


5346 


4 


8 


13 


17 


^1 


»9 


9-5370 


6394 


5419 


5443 


5467 


5491 


5616 


5539 


5563 


5687 


4 


8 


12 


16 


20 


ao 


9-5611 


6634 


6658 


6681 


5704 


5727 


6750 


6778 


5706 


5819 


4 


8 


12 


15 


19 


az 


9*5842 


5864 


6687 


6009 


5032 


6954 


6076 


6906 


0020 


6042 


4 


7 


11 


15 


10 


aa 


9-6064 


6066 


6108 


6129 


6161 


6172 


6104 


6216 


6236 


6257 


4 


7 


11 


14 


18 


«3 


96279 


6300 


6321 


6341 


6362 


6383 


6404 


6424 


6445 


6465 


3 


7 


10 


14 


17 


«4 


9-6486 


6506 


6527 


6647 


6567 


6667 


6607 


6627 


6647 


6667 


3 


7 


10 


13 


17 


35 


9-6687 


6706 


6726 


6746 


6765 


6785 


6804 


6624 


6843 


6663 


3 


7 


10 


13 


16 


a6 


9-6882 


6801 


6920 


6939 


6968 


6977 


6996 


7015 


7084 


7058 


3 


6 


9 


18 


16 


2 


9-7072 


7090 


7109 


7128 


7146 


7165 


7183 


7202 


7220 


7238 


3 


6 





12 


15 


9*7267 


7275 


7298 


7311 


7330 


7348 


7366 


7384 


7402 


7420 


3 


6 





12 


15 


a9 


9*7438 


7456 


7478 


7491 


7500 


7526 


7544 


7562 


7570 


7507 


3 


6 





12 


15 


30 


9*7614 


76K2 


7640 


7667 


7684 


7701 


7710 


7736 


7768 


7771 


3 


6 





12 


14 


3« 


9-7788 


7805 


7822 


7880 


7866 


7873 


7800 


7907 


7024 


7941 


8 


6 





11 


14 


3« 


9-7958 


7975 


7992 


8006 


8026 


8042 


8050 


8076 


6002 


8100 


3 


6 


8 


11 


14 


33 


9*8125 


8142 


8168 


8175 


8101 


8206 


8224 


8241 


8287 


8274 


3 


5 


8 


11 


14 


34 


9-8290 


8306 


8823 


8H39 


8366 


8371 


8388 


8104 


8420 


8436 


3 


5 


8 


11 


14 


35 


9-8452 


8468 


8484 


8601 


8517 


6533 


8540 


8565 


S583. 


8507 


3 


5 


8 


11 


18 


36 


9*8618 


8629 


8644 


8660 


8676 


6692 


8706 


8724 


8740 


8756 


3 


5 


8 


11 


18 


P 


9*8771 


8787 


8808 


8818 


8834 


8850 


6865 


8881 


6697 


8012 


8 


6 


8 


10 


18 


9*8928 


8944 


8950 


8975 


8900 


9006 


9022 


0037 


0058 


0068 


3 


6 


8 


10 


18 


39 


9*9064 


9099 


9116 


9180 


0146 


9161 


9176 


9192 


0207 


0223 


3 


6 


8 


10 


18 


40 


9*9238 


9254 


9269 


9284 


0800 


0316 


0330 


9346 


0361 


0376 


3 


6 


8 


10 


18 


4X 


9*9392 


9407 


9422 


9488 


0463 


9468 


0483 


9499 


0514 


0620 


3 


5 


8 


10 


18 


4« 


9*9544 


9660 


9676 


9500 


0605 


9621 


0636 


9651 


0666 


9681 


8 


5 


8 


10 


18 


43 


9-9697 


9712 


9727 


9742 


0757 


9773 


9788 


9608 


9618 


9833 


3 


5 


8 


10 


18 


44 


9*9648 


9664 


9679 




9909 


9924 


0930 


9955 


9070 


9965 


3 


6 


8 


10 


18 



LOGARITHMIC TANGENTS 



Xlll 





























Minutes 








a 


& 


12' 


1& 


24' 


aa 


86' 


42' 


48' 


54' 














45" 






















V 


2' 


3' 


4' 


& 




10-0000 


0016 


0090 


0045 


0061 


0076 

• 


0091 


0106 


0121 


0196 


3 


6 


8 


10 


13 




46 


10-0152 


0167 


0182 


0197 


0212 


0228 


0243 


0256 


0278 


02H8 


3 


6 


8 


10 


13 




47 


10-0903 


0819 


0334 


0349 


0364 


0879 


0393 


0410 


0426 


0440 


8 


6 


8 


10 


13 




48 


10-0456 


0471 


0486 


0501 


0517 


0532 


0547 


0562 


0578 


0598 


8 


6 


8 


10 


13 




49 


10-0608 


0624 


0639 


0654 


0670 


0685 


0700 


0716 


0731 


0746 


3 


6 


8 


10 


13 




SO 


10-0762 


0777 


0793 


0808 


0824 


0639 


0654 


0870 


0685 


0901 


3 


5 


8 


10 


13 




5z 


10-0016 


0982 


0047 


0063 


0978 


0994 


1010 


1025 


1041 


1066 


3 


5 


8 


10 


13 




5s 


10-1072 


1088 


1103 


1119 


1135 


1150 


1166 


1182 


1197 


1213 


3 


6 


8 


10 


13 




S3 


10-1229 


1245 


1260 


1276 


1292 


1306 


1324 


1340 


1356 


1371 


3 


5 


8 


11 


13 




54 


10-18W 


1403 


1419 


1435 


1451 


1467 


1483 


1499 


1516 


1532 


3 


5 


8 


U 


13 




55 


10-1548 


1564 


1580 


1596 


1612 


1629 


1645 


1661 


1677 


1694 


3 


6 


8 


11 


14 




5S 


10-1710 


1726 


1743 


1750 


1776 


1792 


1809 


1825 


1842 


1858 


3 


6 


8 


11 


14 






10-1875 


1891 


1908 


1925 


1941 


1958 


1975 


1992 


2006 


2023 


3 


6 


8 


11 


14 




^ 


10-2042 


2059 


2076 


2093 


2110 


2127 


2144 


2161 


2178 


2195 


3 


6 


9 


11 


14 




59 


10-2212 


2229 


2247 


2264 


2281 


2299 


2316 


2333 


2851 


2368 


3 


6 


9 


12 


14 




60 


10-2386 


2403 


2421 


2438 


2456 


2474 


2491 


2500 


2627 


2545 


3 


6 


9 


12 


15 




6z 


10-2562 


2580 


2596 


2616 


2634 


2652 


2670 


2889 


2707 


2725 


3 


6 


9 


12 


15 




6a 


10-2743 


2762 


2780 


2796 


2817 


2835 


2854 


2872 


2H91 


2910 


3 


6 


9 


12 


15 




63 


10-2928 


2947 


2966 


2985 


30O4 


3023 


3042 


8061 


8080 


8099 


3 


6 


9 


13 


16 




64 


10-3118 


3137 


3157 


3176 


3196 


3215 


8235 


8254 


8274 


3294 


8 


6 


10 


13 


16 




65 


10-3313 


3333 


3353 


8373 


3393 


8413 


3433 


8453 


8473 


8494 


3 


7 


10 


13 


17 




66 


10-3514 


8535 


8556 


8576 


8596 


9617 


8638 


8aio 


8679 


8700 


3 


7 


10 


14 


17 




% 


10-3721 


3743 


8764 


8785 


3806 


8828 


8849 


8871 


8892 


8914 


4 


7 


11 


14 


18 




10-3938 


3958 


8980 


4002 


4024 


4046 


4068 


4091 


4113 


4136 


4 


7 


11 


15 


19 




69 


10-4158 


4181 


4204 


4227 


4250 


4273 


4296 


4319 


4342 


4366 


4 


8 


12 


15 


19 




70 


10-4380 


4413 


4437 


4461 


4484 


4500 


4533 


4557 


4581 


4606 


4 


8 


12 


16 


20 




7« 


10-4690 


4655 


4680 


4706 


4780 


4755 


4780 


4805 


4831 


4837 


4 


8 


13 


17 


21 




7» 


10-4882 


4908 


4934 


4960 


4986 


5018 


5039 


5066 


5093 


6120 


4 


9 


13 


18 


22 




73 


10-5147 


5174 


5201 


5229 


5256 


5284 


5312 


5340 


5368 


5397 


5 


9 


14 


19 


23 




74 


10-5425 


5454 


5483 


5512 


5541 


5570 


5600 


6629 


5659 


5689 


5 


10 


15 


20 


25 




75 


10-5719 


5750 


&780 


6811 


5842 


5873 


5905 


5036 


6968 


6000 


6 


10 


16 


21 


26 




76 


10-6082 


6065 


6097 


6130 


6163 


6196 


6290 


6264 


6298 


6332 


6 


11 


17 


22 


28 




77 


10-6366 


6401 


6486 


6471 


C507 


6542 


6578 


6615 


6651 


6688 


6 


12 


18 


24 


80 




7« 


10-6725 


6763 


6800 


6838 


6877 


6915 


6954 


6994 


7033 


7073 


6 


13 


19 


26 


82 




S 


10-7113 


7154 


7195 


7236 


7278 


7320 


7363 


7406 


7449 


7493 


7 


14 


21 


28 


85 




10-7537 


7581 


7626 


7672 


7718 


7764 


7811 


7858 


7906 


7954 


8 


16 


23 


31 


89 




8z 


10-8008 


8052 


8102 


8152 


8203 


8255 


8307 


8860 


8418 


8467 


9 


17 


26 


85 


43 




8a 


10-8522 


8577 


8633 


8690 


8748 


8806 


8865 


8924 


8985 


9046 


10 


20 


29 


89 


49 




83 


10-9100 


9172 


9236 


9301 


2367 


9433 


2501 


9570 


8640 


2711 


11 


22 


84 


46 


66 




84 


10-9784 


9857 


9932 


0008 


0085 


0164 


0244 


Q326 


0409 


0494 


18 


26 


40 


53 


66 




85 


11-0580 


0669 


0759 


0650 


0044 


1040 


1138 


1238 


1341 


1446 


16 


82 


48 


64 


81 




86 


11-1554 


1664 


1777 


1893 


2012 


2186 


2261 


2891 


2525 


2663 


20 


41 


62 


83 103 




U 


11-2806 


2954 


8106 


8264 


8429 


8599 


8777 


8962 


4156 


4367 


29 


68 


87 


116 111 




11-4560 


4792 


5027 


5275 


5539 


5819 


6119 


6441 


6789 


7167 














89 


11-7581 


8038 


mso 


9130 


9600 






















. 




12 










0591 


1561 


2810 


4571 


7581 













ANSWERS. 



PART 11. 



Examples XXXV. (page 244). 

30. 100-65 feet. 31. 2 : 1 , 1 : 3, 3 : 2. 

32. 4-773 centimetres. 



Examples XXXVII. (page 262). 

1. 19-59 sq. centimetres. 

2. 9*6 cms. ; 7-4 cms. ; 5*0 cms. 



Examples XXXVIII. (page 266). 

1. 8-6605 cms. ; 259*82 sq. cms. 

2. 13-254 ft. 3. 5 cms. 

4. 105-804 sq. inches. 7. 181 sq. cma 

8. 173 sq. ins. 9. 9-5 cms. 

12. 114588 sq. ft. 



Examples XXXIX (page 273). 

N.B. In some of these answers more than sufficient is given, 
e.g. in 11, —^ is sufficient as it embraces 2w7r. 

_ mr / iv^ir „ 2n7r tt 

B. A 



U ELEMENTARY TRIGONOMETRY 



^fl/JT IF 

5. 60n''±3''2'. 6. 1?5^ + 5M'. 

7,8,9. f±^. 10. 2n.;2-tl.. 

11. (2n7r); -^. 12. mr. 

13. -g-;-j-. 11 (wt); -y. 



10' 



17. _ + _j„,+_. la _ + _. 



19. -3-;2«,r±g. 20. _;_ +(-!)« ^. 

21. ^ ; nir + {- 1)'' W 29'. 22. ^ ; «»• ± 22° 21'. 

24 2«^±^; -g-+2iJ y-g- 

27. f; (2!L^, 28. n.; ^^. 

29. SeOn*' + 63" SC ; 360w'* - 20" 14'. 

30. 360n" + 74" 44' ; 360n" - 33" 38'. 

31. 360w" +36" 52'. 32. 360n" + 3 1 " 54' ; 2n7r. 

33. 2»7r + |; (2w-l)ir. 34. 2rMr + j. 

35. 27i7r + ys; 2nir-Ys- 36. 2nw+^; (27i+l)7r + ^. 

37. wir + j; 2nv; 2njr-^^. 38. -g-; -o"±To* 



ANSWERS TO PART II iii 



39. 2nv±'^; nir±4V24:\ 40. n7r±^. 

41. (4»+l)|j (4»±l)ir. 42. 2»ir±j. 

43- T + (- 1)" 7' Siy. 44. nTT + ^j «»+??• 

4 ^ 12 12 

46. WTT + - ! mr + -7 ; WTT. 

~6' ""4' 

50. 2w7r ± -^- . 
D 

TT TT 

52. 2nir; 2nir±-^; 2mr±^ 

53. wir + (— 1)*^; 4iMr + -^; 4nw — -^. 

-. o (2w+l)ir a __ a + /3 
64. n7r + -^; ^ g. 00. wtt ^. 



45. 


(2»+l)ir 3ir 
4 ' 16' 


47. 


2»irj nir + -j. 


49. 


ntc — a — P 
3 


6L 


2mr+^^. 



Examples XT^ (page 288). 

„ . A 3 A 4 

7. sm^=g, cosg = -.g. 

o . A 8 A 15 

9. sin 130" = 0-7660, cos 130° = - 0-6428. 

10. sin 115* = 0-9063, cos 115* = 0-4226. 

11. i -i 



Examples XLI. (page 296). 

112 *X 2. 963 4.86 



iv ELEMENTARY TRIGONOMETRY 



Examples XLII, (page 298). 

L J or — 1. 2. a or a^ — a+1. 

, -1±n/S^T2 



3. 2. 



5 


/10±4V2 


Urn 


V 17 


7. 


2 or - 1. 


9. 


V3 
2 • 


11 


3^3 ±V7 


xA, 


8 


13. 


i- 


15. 


ai. 



a 

ah {^J^^^ - slW^} 
a^--b^ 
8. 13. 

10. 0, f 

12. l|«. 

U 73, -(2 + V3). 



-« a + 6 + c+ va* + 6' + c^ — a6 — 6c — ca + 3 

16. a3r= = 



ExAMPLKS XLTII. (page 303). 

1. ^,+ ^=1. 2. «;*y*(a;* + y«)=l. 

3. 6a(A« + P) = (a*-c/i)». 

4. a» + 6»=l. 5. y(af-l) = 2. 

6. (ar»~3/>)»+16a^ = 0. 7. J + ^-L 

8. ar2/» = 4a«. 9. ^+g=l. 

10. a;» + y* = 4*. 11. ^ + ^=1. 

a^ 6' 

12. ^+^=a + 6. 13. ^^-^=2. 

a a^ ac 

14. oota= — V. 15. a6 (aft- 4) = (a + 6)* tan' a. 

16. 86c = a{46« + (6»-c«)*}. 

17. tan'o = tan«^+tan=y. 



ANSWEKS TO PART II 

18. 8 {a'a? + hyf = (a» - 6^» (aV - U'ff. 

19. (««+ 6») (c- 1) + 26 (c + 1) = 0. 

a (m + 6) _ mn — 6* 

^^' V(n + 6)« + («iT6p "" ^ + ^ 

21. {x - y)* + (a; + y)* = 2a*. 

22. w* + w* = (7?m)"*. 

23. (a; 008 a + y sin a)* + {x sin a — y cos a)* = (2a)*. 

24. a*+c»-2acco8 2«^ = 62. 

25. a (ar" + y«) + 2a» + Ga^a? = + (3a« + 2aa;)*. 



Examples XTjIV. (page 313). 



1. -0014544, -9999990. 

3. -0008727, -9999996. 

5. ^\ radian. 

7. 011547 radian. 

9. - -000513 radian. 

IL 3'-72. 

13. 1306 metres. 



•^ radian. 
•0040891 radian. 
-^ radian. 

^ radian. 
•86353. 



2. 

4. 

6. 

8. 
10. 
12. 
14. 15-8 metres. 



Examples XLV. (page 320). 



. 3rn- 1 . 3nA 
sin — jT — A sin —5— 

r~3A 

3ri - 1 . n'A 

cos ;; A sin "TT 

6 2 

r"A • 

sing 



5. 0. 



2. 



cos 9^ sin nA 



4. 



6. 



sin A 



{ 



cos-^ tf + 



(7.-1) 



2n 



-} 



sm 



TT 

2» 



. w + 1 . n ^ 
sm — 5 — A sm -r A 

4 4 

r"A 

sin-T 
4 



A3 
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IOtt 



7. 



9. 



10. 



11. 



12. 



13. 



18. 
19. 



sin* 



21 






. 2 mr 



8. 


IItt . IItt 

"^^ 23 «^^ 23 





2n-l 



Sin 



27i-l 



^71+ I n—l \ . n(a + v) 

sin ( — TT- a + — ;; — TT ) sm — ^ -_ — ' 



. /7i + 1 r* - 1 \ 

^"'V-^'''*'"2~V 



. a + 7r 
sin ^ 



cos 



r, -. w-1 1 . w(2o+7r) 
Un+l)a+ —^ ir\ sin ^-- ^ 



. 2a + TT 
8111-^ 

W* ~ 1 \ . 71 + 1 

Sin I 'Za H t;. — TT sm ^ ir 






. n + 1 



cos {6a + - — s — —irV sin — ;::— 



{-*«^'} 



TT 



^-2;r 



, . n rt cos (n + 1) 2a sin 27ia 

14. 75 cos 2a ^— 0-- o • 

2 2 sin 2a 

, _ 71 rt cos (71 + 1) 2a sin 27itt 

15. 75 cos 2a + ^—-—L-^- . 

2 2 sin 2a 

sin (27* + 3) ^ sin 27itf ri sin 3^ 

^^* ^nr2^ ^ • 

tan (2« + 1 ) a — tan a 
17. — ' . — ^ . 



sin 2a 

cot a — cot {^n + 1) a 

sin 3a 
tan 2 (9i + 1) a — tan 2a 
sin 2a 
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20. 



cot 2a — cot (t* + 2) a 
sin a 

n cos (2a + n — 1 y5) sin nfi 



^^' 2 2 sin /3 

nn ^ cos (n + 3) a sin na 

22. 7r+ ^ ^ 



23. 



24. 



25. 



30. 



2 sin a 



n 

2 



?2r— 1 rt\ . W)S „ / 7&-1 A . 3?i/J 



3 cos (a + ^-^— ^jsin -^ cos 3 ( a + — ^ p\ 



4 sm ~ 4 sm -^ 

o.W+1 .Wa .3(71+1) . 3wa 

6 sin — jr — a sin -^ sin — ^— ^^ — ^ a sin — ^ 

. , o. - . 3a 

4 sm ^ 4 sin -^ 



26. |-[3n — 4 cos(w + l)a8inwaco8eca 

+ cos (2n + 2) a sin 27iacosec 2tt]. 

27. ^3/1+4 cos 2wa sin -^r- cosec 



2 2 

+ cos 4rfca sin 4wa cosec 4< 
no. 



a]. 

28. -sin^. 

29. \ coseo^ {tan (n + 1) ^ - tan 0\, 



. /n + 1 r* — 1 \ . n (tt + a) 
sxn (^-^ „+ __ ^j sin ^-^ 



. TT + a 

sm-^ 

o, l.waP w— 1 w + 3 71+71 a 

31. J sin -^ cos — ^a + cos — ^a + cos— ^ — a cosec ^ 



1 . 3na 3w + 9 3a 

+ 7 sin —^r- cos — ^ — a cosec -- . 
4 2 2 2 



32. tan-^ (n + 1 ) a? — tan"^ a;. 

33. tan-i(yi+l)-j. 
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Examples XLVII. (page 340). 



1. 2 (oosk + isin^j. 



2. 2 ( cos -s- + 1 sin -5- j . 

3. 2 {coe (- + i sin (- 1)} . 

4. 5 {cos (tan~^ f ) + ^ ^^ (tan"^ f )} 

or 5 {cos 36° 52' + i sin 36** 52'}. 

5. n/298 {cos (tan-i V^) + * sin (tan"^ ^)\ 
or ^/298 {cos 80° + t sin 80°}. 

6. >y2rcos^ + isingj; 4^2f cos| + tsin gj; 

y2 (cos^ + i sin ^j ; 4/2 Tcos y + * sin -^j . 

7. N/29(cos2r48' + isin2r48'); 
n/29 (cos Ur 48' + ^8in 141° 48') ; 
>/29 (cos 261° 48' + i sin 261° 48'). 

8. A; f COS ;jr-2 + * sm y^ j ; ^ \^^^ 72 "^ * ^^^ 72 j ^ 

- / ^TT . . 97r\ . / IItt . . IIttX 

V^ 72 ■*■ *^^^ 72/ ' V^ T2 "^ *®^^"72 / ^ 

^(^cos-^2 +*«^^-72J^ A;(^cosyg- + *sin^j; 
where ^ = (^6-^2)*. 

9. cos (8^ - 9<^) + * sin (SO - 9<^). 

10. cos {96 + 7<^) - i sin (9^ + 7<^). 

11. cos 16^ + i sin 16^. 

12. cos 20^ + I sin 20^. 



ANSWERS TO TEST PAPERS: PART II ix 



Examples XL VIII. (page 347). 

1. -8414710 
•5403023. 

2. cosa — ^sma— -^ cosa + r5Sina+ ... 

If 1^ 

Q2n . Q 

^- <-^>"T^^- *• <? = A radian. 

9. |. 10. _«' + «* + *" 



ab 



11. 2. 18. 1 + J^ + ^^ + AV^+/t^i^. 



TEST PAPERS. 

XLVI. (page 350). 
6. tan A tan B or q. 



XLVII. (page 351). 

3. 2297yanis. 4. 2-903 metres. 

5. 7575 sq. metres. 



XI.VIII. (page 352). 

5. 8 = 99** 35'; C= 55'' 24'; 6 = 4997, 
or 8 = 30** 23'; = 124'' 36'; 5 = 2564, 

6. 6087 ft. 



ELEMENTARY TRIGONOMETRY 

XUX. (page 353). 

L 8 = 37^8'; C = 83n'; c = 11060. 
7. 120\ 

LIL (page 355). 

1. 1-152 mUes. 

471—1 4/1+1 

2. —j-'^l -To"'"- 

6. TMT ; Twr ± 26' 34'. 

LIII. (page 356). 

IT 

1. (2ri + l)7r, «7r + g. 

3. 1730 metres. 



LIV. (page 357). 



2. (1) "2-+ 8- 

(n) _ + (-l)-j^. 

4. . 50-1 metres. 5. 15° 38'. 

6. 39740 sq. cms. 

LV. (page 358> 

1. a; = |. 3. W7r+8'5r. 

LVL (page 359). 

2. (i) + -1602; ±6-2432. 

,.., 2w + 1 ± *J^7i? +471-15 
H 4 • 

_1 + V2 + 62 

4. = • 

a 



ANSWERS TO MISCELLANEOUS EXAMPLES 



XI 



7. 
24. 

40. 
52. 

56. 
65. 
67. 

71. 

85. 
102. 



Miscellaneous Examples (page 361). 



IT 471+1 



4/1-1 



IT, 



6 = i2n^l)^, -^ 

<9 = (2n+l)f, ^.. 

nir + j, 27Mr+^. 
{2n+l)^, (2n+l)|. 

2w9r + 2 tan^ — == . 

a + c 

458-2575 feet, 103923 sq. ft. 
(i) 2wflr, ^ (iiTT + tan~* - j ; (ii) 



IT, 



36. -gj. 



59. 45^ 



4w + 1 4n - 1 



285-4 feet. 

(2n + l)^, 3-J^-^. 

(a^ + h") {a? + 5^ - 3) - 26^= 0. 



r.« « 4n — 1 

78. 2twr - a, — jr — TT + a. 



121. a;=41370. 



126. aj = --835 



Examples XLIX. (page 383). 



1. 


9-493210 X 10^ 


2. 


3-198466 X 10-«. 


3. 


3-426098 X 101 


4. 


2-013538 X 10-«. 


5. 


4-062639 X 10-2. 


6. 


4-107103 X 10. 


7. 


1-987772. 


8. 


6-021347 X 10-^ 


9. 


5-120802 xlO^. 


10. 


6-629801 X 10-^. 


11. 


3-914192 X 10-\ 


12. 


8-17765 X 10-^ 


13. 


4-07824 X 10. 


14. 


4-700017 X 10-«. 


15, 


1-56827x10-^. 







Xll 



ELEMENTARY TRIGONOMETRY 



Examples L. (page 393). 



1. 


63-1. 


2. 


245-6. 


3. -000314. 


4. 


19-9. 


5. 


681. 


6. 3-38. 


7. 


1877. 


8. 


7-5. 


9. 82-5. 


10. 


315. 


11. 


55. 


12. -341. 


13. 


107000. 


14. 


467. 


15. 105-5. 


16. 


3-42. 17. 


119. 


18. 


1-619. 19. -0889. 


20. 


(i) 3-8 X 10«. 


(ii) 


2-78 X ] 


lO-«. (iii) 3-438x10^. 




(iv) 1-06 xlO». 


(V) 


3-4 X 10-«. 


21. 


.(i) 9-25. 


(ii) : 


1-02x10. (ill) 2-69x10-^ 




(iv) 9-46x10-8. 


(v) 9-08 


xlO. 


22. 


(i) 4-36 xlO^ 
(iv) 2-05x10-'. 


(ii) 


5-54 X 


W. (iii) 4-288 xlO-». 


23. 


(i) 4-18. (ii) 
(v) 9-225 X 10- 


9-38. 

2 

• 


(iii) 


1-998. (iv) 1-8 xlO-^ 




FiXAMPLKS TjI. (page 400). 


1. 


412•4^ 




2. 


1-082 radians. 


3. 


106 sq. cms. 




4. 


45-2 cms. 


5. 


9640 cu. dms. 




6. 


194•7^ 


7. 


22 cms. 




8. 


201 sq. cms. 


9. 


2*44 radians. 




10. 


16-43 cms. 


11. 


16850 cu. cms. 




12. 


17-84 cms. 


13. 


125*7 sq. cms. 




14. 


B = 105° 45', = 24^^15'. 


15. 


1331 kiloms. 




16. 


113600 kilogs. 


17. 


805000 cms. 




18. 


C = 62°48', A = 42''22'. 


19. 


735*2 sq. cms. 




20. 


3960 miles. 


21. 


6-04 X lO^i tons. 
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